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      Mathematics of Finance 

 Most people must take out a loan for a big purchase, such as a car, a major appliance, or 

a house. People who carry a balance on their credit cards are, in effect, also borrowing 

money. Loan payments must be accurately determined, and it may take some work to fi nd 

the “best deal.” See Exercise 54 on page  262  and Exercise 57 on page  242 . We must all 

plan for eventual retirement, which usually involves savings accounts and investments in 

stocks, bonds, and annuities to fund 401K accounts or individual retirement accounts 

(IRAs). See Exercises 40 and 41 on page  250 .   

C H A P T E R  O U T L I N E

5.1  Simple Interest and Discount      
5.2  Compound Interest      
5.3  Annuities, Future Value, and Sinking 

Funds      
5.4  Annuities, Present Value, and 

Amortization        

   CASE STUDY 5  
Continuous Compounding 

  It is important for both businesspersons and consumers to understand the mathematics of 
fi nance in order to make sound fi nancial decisions. Interest formulas for borrowing and 
investing money are introduced in this chapter.  

5 
    C H A P T E R 

NOTE     We try to present realistic, up-to-date applications in this text. Because interest rates 

change so frequently, however, it is very unlikely that the rates in effect when this chapter was 

written are the same as the rates today when you are reading it. Fortunately, the mathematics 

of fi nance is the same regardless of the level of interest rates. So we have used a variety of 

rates in the examples and exercises. Some will be realistic and some won’t by the time you 

see them—but all of them have occurred in the past several decades.     

 5.1  Simple Interest and Discount 
Interest  is the fee paid to use someone else’s money. Interest on loans of a year or less is 
frequently calculated as  simple interest,  which is paid only on the amount borrowed or 
invested and not on past interest. The amount borrowed or deposited is called the 
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226 CHAPTER  5 Mathematics of Finance

 Simple interest is normally used only for loans with a term of a year or less. A 
 signifi cant exception is the case of  corporate bonds  and similar fi nancial instruments. 
A typical bond pays simple interest twice a year for a specifi ed length of time, at the 
end of which the bond  matures.  At maturity, the company returns your initial invest-
ment to you. 

  principal.  The  rate  of interest is given as a percent per year, expressed as a decimal. For 
example,    6% = .06    and    111

2% = .115.    The  time  during which the money is accruing 
interest is calculated in years. Simple interest is the product of the principal, rate, and 
time.   

  Simple Interest 
 The simple interest  I  on  P  dollars at a rate of interest  r  per year for  t  years is 

   I = Prt.    

 It is customary in fi nancial problems to round interest to the nearest cent. 

 To furnish her new apartment, Maggie Chan borrowed $4000 at 
3% interest from her parents for 9 months. How much interest will she pay? 

  Solution     Use the formula    I = Prt,    with    P = 4000, r = 0.03, and t = 9>12 = 3>4    
years: 

    I = Prt

 I = 4000 * .03 * 
3

4
= 90.   

 Thus, Maggie pays a total of $90 in interest.   1�
        

  Example 1 

  � Checkpoint 1 

 Find the simple interest for each 
loan. 

   (a)   $2000 at 8.5% for 10 months  

  (b)   $3500 at 10.5% for    11
2    years

Answers to Checkpoint exercises are 

found at the end of the section.   

 Finance On January 8, 2013, Bank of America issued 10-year 
bonds at an annual simple interest rate of 3.3%, with interest paid twice a year. John 
Altiere buys a $10,000 bond. (Data from:  www.fi nra.org .) 

   (a)   How much interest will he earn every six months? 

  Solution     Use the interest formula,    I = Prt,    with    P = 10,000, r = .033,    and    t =
1

2
:    

   I = Prt = 10,000 * .033 * 
1

2
= $165.     

  (b)   How much interest will he earn over the 10-year life of the bond? 

  Solution     Either use the interest formula with    t = 10,    that is, 

   I = Prt = 10,000 * .033 * 10 = $3300,   

 or take the answer in part (a), which will be paid out every six months for 10 years for a 
total of twenty times. Thus, John would obtain    $165 * 20 = $3300.      2�

          

  Example 2 

  � Checkpoint 2 

 For the given bonds, fi nd the 
semiannual interest payment and 
the total interest paid over the life 
of the bond. 

   (a)   $7500 Time Warner Cable, Inc.  
 30-year bond at 7.3% annual 
interest.  

  (b)   $15,000 Clear Channel Com-
munications 10-year bond at 
9.0% annual interest.   
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227 5.1 Simple Interest and Discount

  Future Value 

 If you deposit  P  dollars at simple interest rate  r  for  t  years, then the  future value  (or 
 maturity value )  A  of this investment is the sum of the principal  P  and the interest  I  it has 
earned: 

    A = Principal + Interest   

    = P + I    

    = P + Prt          I = Prt.     

    = P(1 + rt).       Factor out  P .  

 The following box summarizes this result.   

  Future Value (or Maturity Value) for Simple Interest 
 The future value (maturity value)  A  of  P  dollars for  t  years at interest rate  r  per year 
is 

   A = P + I,  or  A = P(1 + rt).    

 Find each maturity value and the amount of interest paid. 

   (a)   Rick borrows $20,000 from his parents at 5.25% to add a room on his house. He plans 
to repay the loan in 9 months with a bonus he expects to receive at that time. 

  Solution     The loan is for 9 months, or    9>12    of a year, so    t = .75, P = 20,000,    and 
   r = .0525.    Use the formula to obtain 

    A = P(1 + rt)    

    = 20,000[1 + .0525(.75)]   

    ≈  20,787.5,       Use a calculator.  

 or $20,787.50. The maturity value  A  is the sum of the principal  P  and the interest  I , that is, 
   A = P + I.    To fi nd the amount of interest paid, rearrange this equation: 

    I = A - P

 I = $20,787.50 - $20,000 = $787.50.     

  (b)   A loan of $11,280 for 85 days at 9% interest. 

  Solution     Use the formula    A = P(1 + rt),    with    P = 11,280    and    r = .09.    Unless stated 
otherwise, we assume a 365-day year, so the period in years is    t = 85>365.    The maturity 
value is 

    A = P(1 + rt)

 A = 11,280a1 + .09 * 
85

365
b

 ≈11,280(1.020958904) ≈ $11,516.42.   

 As in part (a), the interest is 

   I = A - P = $11,516.42 - $11,280 = $236.42.       3�
          

  Example 3 

  � Checkpoint 3 

 Find each future value. 

   (a)   $1000 at 4.6% for 6 months  

  (b)   $8970 at 11% for 9 months  

  (c)   $95,106 at 9.8% for 76 days   
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228 CHAPTER  5 Mathematics of Finance

  Present Value 

 A sum of money that can be deposited today to yield some larger amount in the future is 
called the  present value  of that future amount. Present value refers to the principal to be 
invested or loaned, so we use the same variable  P  as we did for principal. In interest prob-
lems,  P  always represents the amount at the beginning of the period, and  A  always repre-
sents the amount at the end of the period. To fi nd a formula for  P , we begin with the 
future-value formula: 

   A = P(1 + rt).   

 Dividing each side by    1 + rt    gives the following formula for the present value.   

 Suppose you borrow $15,000 and are required to pay $15,315 in 4 
months to pay off the loan and interest. What is the simple interest rate? 

  Solution     One way to fi nd the rate is to solve for  r  in the future-value formula when 
   P = 15,000, A = 15,315,    and    t = 4>12 = 1>3:    

    P(1 + rt) = A    

    15,000a1 + r * 
1

3
b = 15,315    

    15,000 +
15,000r

3
= 15,315       Multiply out left side.  

    
15,000r

3
= 315       Subtract 15,000 from both sides.  

    15,000r = 945       Multiply both sides by 3.  

    r =
945

15,000
= .063.      Divide both sides by 15,000.  

 Therefore, the interest rate is 6.3%.   4�
         

  Example 4 

  � Checkpoint 4 

 You lend a friend $500. She agrees 
to pay you $520 in 6 months. 
What is the interest rate? 

  Present Value for Simple Interest 
 The  present value   P  of a future amount of  A  dollars at a simple interest rate  r  for  t  
years is 

   P =
A

1 + rt
.    

 Find the present value of $32,000 in 4 months at 9% interest. 

  Solution    

   P =
A

1 + rt
=

32,000

1 + (.09)a 4

12
b

=
32,000

1.03
= 31,067.96.   

 A deposit of $31,067.96 today at 9% interest would produce $32,000 in 4 months. These 
two sums, $31,067.96 today and $32,000.00 in 4 months, are equivalent (at 9%) because 
the fi rst amount becomes the second amount in 4 months.   5�

        

  Example 5 

  � Checkpoint 5 

 Find the present value of the given 
future amounts. Assume 6% 
interest. 

   (a)   $7500 in 1 year  

  (b)   $89,000 in 5 months  

  (c)   $164,200 in 125 days   
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229 5.1 Simple Interest and Discount

  Discount 

 The preceding examples dealt with loans in which money is borrowed and simple interest 
is charged. For most loans, both the principal (amount borrowed) and the interest are paid 
at the end of the loan period. With a corporate bond (which is a loan to a company by the 
investor who buys the bond), interest is paid during the life of the bond and the principal is 
paid back at maturity. In both cases, 

  the borrower receives the principal, 

 but pays back the principal  plus  the interest.  

 In a  simple discount loan,  however, the interest is deducted in advance from the 
amount of the loan and the  balance  is given to the borrower. The  full value  of the loan must 
be paid back at maturity. Thus, 

  the borrower receives the principal  less  the interest, 

 but pays back the principal.  

 Because of a court settlement, Jeff Weidenaar owes $5000 
to Chuck Synovec. The money must be paid in 10 months, with no interest. Suppose 
Weidenaar wants to pay the money today and that Synovec can invest it at an annual rate 
of 5%. What amount should Synovec be willing to accept to settle the debt? 

  Solution     The $5000 is the future value in 10 months. So Synovec should be willing to 
accept an amount that will grow to $5000 in 10 months at 5% interest. In other words, he 
should accept the present value of $5000 under these circumstances. Use the present-value 
formula with    A = 5000,       r = .05,    and    t = 10>12 = 5>6:    

   P =
A

1 + rt
=

5000

1 + .05 * 
5

6

= 4800.   

 Synovec should be willing to accept $4800 today in settlement of the debt.   6�
        

  Example 6 

  � Checkpoint 6 

 Jerrell Davis is owed $19,500 by 
Christine O’Brien. The money will 
be paid in 11 months, with no 
interest. If the current interest rate 
is 10%, how much should Davis be 
willing to accept today in 
settlement of the debt? 

  Example 7  Larry Parks owes $6500 to Virginia Donovan. The loan is payable 
in one year at 6% interest. Donovan needs cash to pay medical bills, so four months before 
the loan is due, she sells the note (loan) to the bank. If the bank wants a return of 9% on its 
investment, how much should it pay Donovan for the note? 

  Solution     First fi nd the maturity value of the loan—the amount (with interest) that Parks 
must pay Donovan: 

    A = P(1 + rt)       Maturity-value formula  

    = 6500(1 + .06 * 1)       Let    P = 6500, r = .06,    and    t = 1.     

    = 6500(1.06) = $6890.   

 In four months, the bank will receive $6890. Since the bank wants a 9% return, compute 
the present value of this amount at 9% for four months: 

    P =
A

1 + rt
      Present-value formula  

    =
6890

1 + .09a 4

12
b

= $6689.32.      Let    A = 6890, r = .09,    and    t = 4 ,12.     

 The bank pays Donovan $6689.32 and four months later collects $6890 from Parks.   7�
           � Checkpoint 7 

 A fi rm accepts a $21,000 note due 
in 8 months, with interest of 10.5%. 
Two months before it is due, the 
fi rm sells the note to a broker. If the 
broker wants a 12.5% return on his 
investment, how much should he 
pay for the note? 
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230 CHAPTER  5 Mathematics of Finance

 In a simple discount loan, such as a T-bill, the discount rate is not the actual interest 
rate the borrower pays. In  Example   8   , the discount rate .135% was applied to the face value 
of $8000, rather than the $7994.60 that the Treasury (the borrower) received. 

 The most common examples of simple discount loans are U.S. Treasury bills (T-bills), 
which are essentially short-term loans to the U.S. government by investors. T-bills are sold 
at a  discount  from their face value and the Treasury pays back the face value of the T-bill 
at maturity. The discount amount is the interest deducted in advance from the face value. 
The Treasury receives the face value less the discount, but pays back the full face value. 

 Finance An investor bought a six-month $8000 treasury bill 
on February 28, 2013 that sold at a discount rate of .135%. What is the amount of the 
discount? What is the price of the T-bill? (Data from:  www.treasurydirect.gov .) 

  Solution     The discount rate on a T-bill is always a simple  annual  interest rate. Conse-
quently, the discount (interest) is found with the simple interest formula, using    P = 8000    
(face value),    r = .00135    (discount rate), and    t = .5    (because 6 months is half a year): 

   Discount = Prt = 8000 * .00135 * .5 = $5.40.   

 So the price of the T-bill is 

   Face Value - Discount = 8000 - 5.40 = $7994.60.       8�
        

  Example 8 

  � Checkpoint 8 

 The maturity times and discount 
rates for $10,000 T-bills sold on 
March 7, 2013, are given. Find the 
discount amount and the price of 
each T-bill. 

   (a)   one year; .15%  

  (b)   six months; .12%  

  (c)   three months; .11%   

 Finance Find the actual interest rate paid by the Treasury in 
 Example   8   . 

  Solution     Use the formula for simple interest,    I = Prt    with  r  as the unknown. Here, 
   P = 7994.60    (the amount the Treasury received) and    I = 5.40    (the discount amount). 
Since this is a six-month T-bill,    t = .5,    and we have 

    I = Prt    

    5.40 = 7994.60(r)(.5)    

    5.40 = 3997.3r       Multiply out right side.  

    r =
5.40

3997.3
≈ .0013509.      Divide both sides by 3997.3.  

 So the actual interest rate is .13509%.   9�
        

  Example 9 

  � Checkpoint 9 

 Find the actual interest rate paid by 
the Treasury for each T-bill in 
Checkpoint 8. 

   5.1  Exercises 

 Unless stated otherwise, “interest” means simple interest, and “in-

terest rate” and “discount rate” refer to annual rates. Assume 365 

days in a year. 

   1.    What factors determine the amount of interest earned on a fi xed 
principal?        

 Find the interest on each of these loans. (See  Example   1   .) 

   2.    $35,000 at 6% for 9 months        

   3.    $2850 at 7% for 8 months        

   4.    $1875 at 5.3% for 7 months        

   5.    $3650 at 6.5% for 11 months        

   6.    $5160 at 7.1% for 58 days        

   7.    $2830 at 8.9% for 125 days        

   8.    $8940 at 9%; loan made on May 7 and due September 19        

   9.    $5328 at 8%; loan made on August 16 and due December 30  
       
   10.    $7900 at 7%; loan made on July 7 and due October 25        

  Finance  For each of the given corporate bonds, whose interest 

rates are provided, find the semiannual interest payment and the 

total interest earned over the life of the bond. (See  Example   2   , 

Data from:  www.finra.org .) 

   11.    $5000 IBM, 3-year bond; 1.25%        

   12.    $9000 Barrick Gold Corp., 10-year bond; 3.85%        

   13.    $12,500 Morgan Stanley, 10-year bond; 3.75%        
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231 5.1 Simple Interest and Discount

   14.    $4500 Goldman Sachs, 3-year bond; 6.75%        

   15.    $6500  Amazon.com  Corp, 10-year bond; 2.5%        

   16.    $10,000 Wells Fargo, 10-year bond; 3.45%        

 Find the future value of each of these loans. (See  Example   3   .) 

   17.    $12,000 loan at 3.5% for 3 months        

   18.    $3475 loan at 7.5% for 6 months        

   19.    $6500 loan at 5.25% for 8 months        

   20.    $24,500 loan at 9.6% for 10 months        

   21.    What is meant by the  present value  of money?        

   22.    In your own words, describe the  maturity value  of a loan. 
        
 Find the present value of each future amount. (See  Examples   5    

and    6   .) 

   23.    $15,000 for 9 months; money earns 6%        

   24.    $48,000 for 8 months; money earns 5%        

   25.    $15,402 for 120 days; money earns 6.3%        

   26.    $29,764 for 310 days; money earns 7.2%        

  Finance  The given treasury bills were sold on April 4, 2013. 

Find (a) the price of the T-bill, and (b) the actual interest rate 

paid by the Treasury. (See  Examples   8    and    9   . Data from:  www.

treasurydirect.gov .) 

   27.    Three-month $20,000 T-bill with discount rate of .075% 

   28.    One-month $12,750 T-bill with discount rate of .070% 

   29.    Six-month $15,500 T-bill with discount rate of .105% 

   30.    One-year $7000 T-bill with discount rate of .140% 

  Finance  Historically, treasury bills offered higher rates. On 

March 9, 2007 the discount rates were substantially higher than 

in April, 2013. For the following treasury bills bought in 2007, 

find (a) the price of the T-bill, and (b) the actual interest rate 

paid by the Treasury. (See  Examples   8    and    9   . Data from:  www.

treasury.gov .) 

   31.    Three-month $20,000 T-bill with discount rate of 4.96% 

   32.    One-month $12,750 T-bill with discount rate of 5.13% 

   33.    Six-month $15,500 T-bill with discount rate of 4.93% 

   34.    Six-month $9000 T-bill with discount rate of 4.93% 

  Finance  Work the following applied problems. 

   35.    In March 1868, Winston Churchill’s grandfather, L.W. Jerome, 
issued $1000 bonds (to pay for a road to a race track he owned 
in what is now the Bronx). The bonds carried a 7% annual inter-
est rate payable semiannually. Mr. Jerome paid the interest until 
March 1874, at which time New York City assumed responsibil-
ity for the bonds (and the road they fi nanced). (Data from:  New 
York Times,  February 13, 2009.) 

   (a)   The fi rst of these bonds matured in March 2009. At that 
time, how much interest had New York City paid on this 
bond?       

  (b)   Another of these bonds will not mature until March 2147! 
At that time, how much interest will New York City have 
paid on it?          

   36.    An accountant for a corporation forgot to pay the fi rm’s income 
tax of $725,896.15 on time. The government charged a penalty 
of 9.8% interest for the 34 days the money was late. Find the 
total amount (tax and penalty) that was paid.        

   37.    Mike Branson invested his summer earnings of $3000 in a sav-
ings account for college. The account pays 2.5% interest. How 
much will this amount to in 9 months?        

   38.    To pay for textbooks, a student borrows $450 from a credit 
union at 6.5% simple interest. He will repay the loan in 38 days, 
when he expects to be paid for tutoring. How much interest will 
he pay?        

   39.    An account invested in a money market fund grew from 
$67,081.20 to $67,359.39 in a month. What was the interest 
rate, to the nearest tenth?        

   40.    A $100,000 certifi cate of deposit held for 60 days is worth 
$101,133.33. To the nearest tenth of a percent, what interest rate 
was earned?        

   41.    Dave took out a $7500 loan at 7% and eventually repaid $7675 
(principal and interest). What was the time period of the loan?  

       
   42.    What is the time period of a $10,000 loan at 6.75%, in which 

the total amount of interest paid was $618.75?        

   43.    Tuition of $1769 will be due when the spring term begins in 4 
months. What amount should a student deposit today, at 3.25%, 
to have enough to pay the tuition?        

   44.    A fi rm of accountants has ordered 7 new computers at a cost of 
$5104 each. The machines will not be delivered for 7 months. 
What amount could the fi rm deposit in an account paying 
6.42% to have enough to pay for the machines?        

   45.    John Sun Yee needs $6000 to pay for remodeling work on his 
house. A contractor agrees to do the work in 10 months. How 
much should Yee deposit at 3.6% to accumulate the $6000 at 
that time?        

   46.    Lorie Reilly decides to go back to college. For transportation, 
she borrows money from her parents to buy a small car for 
$7200. She plans to repay the loan in 7 months. What amount 
can she deposit today at 5.25% to have enough to pay off the 
loan?        

   47.    A six-month $4000 Treasury bill sold for $3930. What was the 
discount rate?        

   48.    A three-month $7600 Treasury bill carries a discount of $80.75. 
What is the discount rate for this T-bill?        

  Finance  Work the next set of problems, in which you are to find 

the annual simple interest rate. Consider any fees, dividends, or 

profits as part of the total interest. 

   49.    A stock that sold for $22 at the beginning of the year was sell-
ing for $24 at the end of the year. If the stock paid a dividend of 
$.50 per share, what is the simple interest rate on an investment 
in this stock? ( Hint:  Consider the interest to be the increase in 
value plus the dividend.)        
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232 CHAPTER  5 Mathematics of Finance

   50.    Jerry Ryan borrowed $8000 for nine months at an interest rate 
of 7%. The bank also charges a $100 processing fee. What is the 
actual interest rate for this loan?        

   51.    You are due a tax refund of $760. Your tax preparer offers you a 
no-interest loan to be repaid by your refund check, which will 
arrive in four weeks. She charges a $60 fee for this service. What 
actual interest rate will you pay for this loan? ( Hint:  The time 
period of this loan is not    4>52,    because a 365-day year is 52 weeks 
and 1 day. So use days in your computations.)        

   52.    Your cousin is due a tax refund of $400 in six weeks. His tax 
preparer has an arrangement with a bank to get him the $400 
now. The bank charges an administrative fee of $29 plus interest 
at 6.5%. What is the actual interest rate for this loan? (See the 
hint for Exercise 51.)        

  Finance  Work these problems. (See  Example   7   .) 

   53.    A building contractor gives a $13,500 promissory note to a 
plumber who has loaned him $13,500. The note is due in nine 
months with interest at 9%. Three months after the note is 
signed, the plumber sells it to a bank. If the bank gets a 10% 
return on its investment, how much will the plumber receive? 
Will it be enough to pay a bill for $13,650?        

   54.    Shalia Johnson owes $7200 to the Eastside Music Shop. She 
has agreed to pay the amount in seven months at an interest rate 
of 10%. Two months before the loan is due, the store needs 
$7550 to pay a wholesaler’s bill. The bank will buy the note, 
provided that its return on the investment is 11%. How much 
will the store receive? Is it enough to pay the bill?        

   55.    Let    y1    be the future value after  t  years of $100 invested at 8% 
annual simple interest. Let    y2    be the future value after  t  years of 
$200 invested at 3% annual simple interest. 

   (a)   Think of    y1    and    y2    as functions of  t  and write the rules of 
these functions.       

  (b)   Without graphing, describe the graphs of    y1    and    y2.          

  (c)   Verify your answer to part (b) by graphing    y1    and    y2    in the 
fi rst quadrant.       

  (d)   What do the slopes and  y -intercepts of the graphs rep-
resent (in terms of the investment situation that they 
 describe)?    

      
   56.    If    y = 16.25t + 250    and  y  is the future value after  t  years of 

 P  dollars at interest rate  r , what are  P  and  r ? ( Hint:  See Exer-
cise 55.)         

  �Checkpoint Answers 

   1.     (a)   $141.67     (b)   $551.25    

   2.     (a)   $273.75; $16,425     (b)   $675; $13,500    

   3.     (a)   $1023     (b)   $9710.03     (c)   $97,046.68    

   4.   8%  

   5.     (a)   $7075.47     (b)   $86,829.27     (c)   $160,893.96    

   6.   $17,862.60  

   7.   $22,011.43  

   8.     (a)   $15; $9985     (b)   $6; $9994  

    (c)   $2.75; $9997.25    

   9.     (a)   About .15023%     (b)   About .12007%  

    (c)   About .11003%        

 As the chart shows, simple interest is computed each year on the original investment, but 
compound interest is computed on the entire balance at the end of the preceding year. So 
simple interest always produces $50 per year in interest, whereas compound interest 

     5.2  Compound Interest 
 With annual simple interest, you earn interest each year on your original investment. With 
annual  compound interest,  however, you earn interest both on your original investment 
 and  on any previously earned interest. To see how this process works, suppose you deposit 
$1000 at 5% annual interest. The following chart shows how your account would grow 
with both simple and compound interest:  

   SIMPLE INTEREST  COMPOUND INTEREST 
 End of
Year 

 Interest
Earned  Balance 

 Interest
Earned 

 
Balance 

    Original Investment:  $1000   Original Investment:  $1000 

 1     1000(.05) = $50     $1050     1000(.05) = $50     $1050 

 2     1000(.05) = $50     $1100     1050(.05) = $52.50     $1102.50 

 3     1000(.05) = $50     $1150     1102.50(.05) = $55.13   *  $1157.63 

*Rounded to the nearest cent.
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2335.2 Compound Interest

  � Checkpoint 1 

 Extend the chart in the text by 
fi nding the interest earned and the 
balance at the end of years 4 and 5 
for  (a)  simple interest and  (b)  
compound interest. 

 The argument used in  Example   1    applies in the general case and leads to this conclusion.   

  Compound Interest 
 If  P  dollars are invested at interest rate  i  per period, then the  compound amount  
(future value)  A  after  n  compounding periods is 

   A = P(1 + i)n.    

 In  Example   1   , for instance, we had    P = 7000, n = 9,    and    i = .04    (so that    1 + i =  
1 + .04 = 1.04).    

          NOTE     Compare this future value formula for compound interest with the one for simple 

interest from the previous section, using  t  as the number of years: 

   Compound interest  A = P(1 + r)t;

Simple interest    A = P(1 + rt).   

 The important distinction between the two formulas is that, in the compound interest formula, 

the number of years,  t , is an  exponent , so that money grows much more rapidly when interest 

is compounded. 

 If $7000 is deposited in an account that pays 4% interest 
compounded annually, how much money is in the account after nine years? 

  Solution     After one year, the account balance is 

    7000 + 4% of 7000 = 7000 + (.04)7000    

    = 7000(1 + .04)        Distributive property  

    = 7000(1.04) = $7280.   

 The initial balance has grown by a factor of 1.04. At the end of the second year, the balance is 

    7280 + 4% of 7280 = 7280 + (.04)7280    

    = 7280(1 + .04)        Distributive property  

    = 7280(1.04) = 7571.20.   

 Once again, the balance at the beginning of the year has grown by a factor of 1.04. This is 
true in general: If the balance at the beginning of a year is  P  dollars, then the balance at the 
end of the year is 

    P + 4% of P = P + .04P

 = P(1 + .04)

 = P(1.04).    

 So the account balance grows like this: 

  Example 1 

  Year 1   Year 2   Year 3  

   7000 S 7000(1.04) S [7000(1.04)](1.04) S [7000(1.04)(1.040)](1.04) S
g

.   

   7000(1.04)2      7000(1.04)3   

$''''%''''& $'''''%'''''&

 At the end of nine years, the balance is 

    7000(1.04)9 = $9963.18     (rounded to the nearest penny).   

 produces $50 interest in the fi rst year and increasingly larger amounts in later years 
(because you earn interest on your interest).     1�     
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234 CHAPTER  5 Mathematics of Finance

 Suppose $1000 is deposited for six years in an account paying 
8.31% per year compounded annually. 

   (a)   Find the compound amount. 

  Solution     In the formula above,    P = 1000, i = .0831,    and    n = 6.    The compound 
amount is 

    A = P(1 + i)n

 A = 1000(1.0831)6

 A = $1614.40.      

  (b)   Find the amount of interest earned. 

  Solution     Subtract the initial deposit from the compound amount: 

   Amount of interest = $1614.40 - $1000 = $614.40.         2�                 

  Example 2 

  � Checkpoint 2 

 Suppose $17,000 is deposited at 
4% compounded annually for 11 
years. 

   (a)   Find the compound amount.  

  (b)   Find the amount of interest 
earned.   

   TECHNOLOGY TIP    
 Spreadsheets are ideal for 

 performing fi nancial calculations. 

  Figure   5.1    shows a Microsoft 

Excel spreadsheet with the 

 formulas for compound and 

 simple interest used to create 

columns  B  and  C , respectively, 

when $1000 is invested at an 

annual rate of 10%. Notice how 

rapidly the com pound amount 

increases compared with the 

maturity value with simple 

 interest. For more details on the 

use of spreadsheets in the 

 mathematics of fi nance, see the 

 Spread sheet Manual  that is 

 available with this text.   

 Figure 5.1       

 If a $16,000 investment grows to $50,000 in 18 years, what is the 
interest rate (assuming annual compounding)? 

  Solution     Use the compound interest formula, with    P = 16,000, A = 50,000,    and 
   n = 18,    and solve for  i : 

    P(1 + i)n = A    

    16,000(1 + i)18 = 50,000    

    (1 + i)18 =
50,000

16,000
= 3.125       Divide both sides by 16,000.  

    2
18

 (1 + i)18 = 118  3.125       Take 18th roots on both sides.  

    1 + i = 118 3.125    

    i = 118 3.125 - 1 ≈ .06535.      Subtract 1 from both sides.  

 So the interest rate is about 6.535%.   

  Example 3 
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2355.2 Compound Interest

 Interest can be compounded more than once a year. Common  compounding periods  
include 

    semiannually  (2 periods per year),  

   quarterly  (4 periods per year),  

   monthly  (12 periods per year), and  

   daily  (usually 365 periods per year).   

 When the annual interest  i  is compounded  m  times per year, the interest rate per period is 
understood to be    i>m.    

 Finance In April 2013,  www.bankrate.com  advertised a one-
year certifi cate of deposit (CD) for GE Capital Retail Bank at an interest rate of 1.05%. 
Find the value of the CD if $10,000 is invested for one year and interest is compounded 
according to the given periods. 

   (a)   Annually 

  Solution     Apply the formula    A = P(1 + i)n    with    P = 10,000,       i = .0105,    and    n = 1:    

   A = P(1 + i)n = 10,000(1 + .0105)1 = 10,000(1.0105) = $10,105.     

  (b)   Semiannually 

  Solution     Use the same formula and value of  P . Here interest is compounded twice a 

year, so the number of periods is    n = 2    and the interest rate per period is    i =
.0105

2
:    

   A = P(1 + i)n = 10,000 a1 +
.0105

2
b2

= $10,105.28.     

  (c)   Quarterly 

  Solution     Proceed as in part (b), but now interest is compounded 4 times a year, and so 

   n = 4    and the interest rate per period is    i =
.0105

4
:    

   A = P(1 + i)n = 10,000 a1 +
.0105

4
b4

= $10,105.41.     

  (d)   Monthly 

  Solution     Interest is compounded 12 times a year, so    n = 12    and    i =
.0105

12
:    

   A = P(1 + i)n = 10,000 a1 +
.0105

12
b12

= $10,105.51.     

  (e)   Daily 

  Solution     Interest is compounded 365 times a year, so    n = 365    and    i =
.0105

365
:    

   A = P(1 + i)n = 10,000 a1 +
.0105

365
b365

= $10,105.55.       

  Example 4 

 Finance The given CDs were advertised online by various banks 
in April 2013. Find the future value of each one. (Data from:  cdrates.bankaholic.com .) 

  Example 5 
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236 CHAPTER  5 Mathematics of Finance

   (a)   Nationwide Bank: $100,000 for 5 years at 1.73% compounded daily. 

  Solution     Use the compound interest formula with    P = 100,000.    Interest is compounded 

365 times a year, so the interest rate per period is    i =
.0173

365
.    Since there are five years, the 

number of periods in 5 years is    n = 365(5) = 1825.    The future value is 

   A = P(1 + i)n = 100,000 a1 +
.0173

365
b1825

= $109,034.91.     

  (b)   California First National Bank: $5000 for 2 years at 1.06% compounded monthly. 

  Solution     Use the compound interest formula with    P = 5000.    Interest is compounded 12 

times a year, so the interest rate per period is    i =
.0106

12
.    Since there are two years, the 

number of periods in 2 years is    n = 12(2) = 24.    The future value is 

   A = P(1 + i)n = 5000a1 +
.0106

12
b24

= $5107.08.         3�            
  � Checkpoint 3 

 Find the future value for these CDs. 

   (a)   National Republic Bank of 
Chicago:   $1000 at 1.3% 
compounded monthly for 3 
years.  

  (b)   Discover Bank: $2500 at .8% 
compounded daily for 9 
months (assume 30 days in 
each month).   

       Example 4 shows that the more often interest is compounded, the larger is the amount of 
interest earned. Since interest is rounded to the nearest penny, however, there is a limit on 
how much can be earned. In  Example   4   , part (e), for instance, that limit of $10,105.55 has 
been reached. Nevertheless, the idea of compounding more and more frequently leads to a 
method of computing interest called  continuous compounding  that is used in certain 
fi nancial situations The formula for continuous compounding is developed in Case 5, but 
the formula is given in the following box where    e = 2.7182818 . . . ,    which was intro-
duced in  Chapter   4   .   

  Continuous Compound Interest 
 The compound amount  A  for a deposit of  P  dollars at an interest rate  r  per year 
compounded continuously for  t  years is given by 

   A = Pert.    

 Suppose that $5000 is invested at an annual interest rate of 3.1% 
compounded continuously for 4 years. Find the compound amount. 

  Solution     In the formula for continuous compounding, let    P = 5000, r = .031,    and 
   t = 4.    Then a calculator with an    ex    key shows that 

   A = Pert = 5000e.031(4) = $5660.08.         4�                 

  Example 6 

  TECHNOLOGY TIP     TI-84+ and most Casios have a “TVM solver” for fi nancial computa-

tions (in the TI APPS/fi nancial menu or the Casio main menu); a similar one can be down-

loaded for TI-89.  Figure   5.2    shows the solution of  Example   4   (e) on such a solver (FV means 

future value). The use of these solvers is explained in the next section. Most of the problems in 

this section can be solved just as quickly with an ordinary calculator.   

  � Checkpoint 4 

 Find the compound amount for 
$7500 invested at an annual interest 
rate of 2.07% compounded 
continuously for 3 years. 

 Figure 5.2       

 Ordinary corporate or municipal bonds usually make semiannual simple interest pay-
ments. With a  zero-coupon bond,  however, there are no interest payments during the life 
of the bond. The investor receives a single payment when the bond matures, consisting of 
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2375.2 Compound Interest

his original investment and the interest (compounded semiannually) that it has earned. 
Zero-coupon bonds are sold at a substantial discount from their face value, and the buyer 
receives the face value of the bond when it matures. The difference between the face value 
and the price of the bond is the interest earned. 

 Doug Payne bought a 15-year zero-coupon bond paying 4.5% 
interest (compounded semiannually) for $12,824.50. What is the face value of the bond? 

  Solution     Use the compound interest formula with    P = 12,824.50.    Interest is paid twice 
a year, so the rate per period is    i = .045>2,    and the number of periods in 15 years is 
   n = 30.    The compound amount will be the face value: 

   A = P(1 + i)n = 12,824.50(1 + .045>2)30 = 24,999.99618.   

 Rounding to the nearest cent, we see that the face value of the bond in $25,000.     5�       

  Example 7 

  � Checkpoint 5 

 Find the face value of the zero 
coupon. 

   (a)   30-year bond at 6% sold for 
$2546  

  (b)   15-year bond at 5% sold for 
$16,686   

 Figure 5.3       

 Suppose that the infl ation rate is 3.5% (which means that the 
overall level of prices is rising 3.5% a year). How many years will it take for the overall 
level of prices to double? 

  Solution     We want to fi nd the number of years it will take for $1 worth of goods or ser-
vices to cost $2. Think of $1 as the present value and $2 as the future value, with an interest 
rate of 3.5%, compounded annually. Then the compound amount formula becomes 

    P(1 + i)n = A

 1(1 + .035)n = 2,   

 which simplifi es as 

   1.035n = 2.   

 We must solve this equation for  n . There are several ways to do this. 

  Graphical   Use a graphing calculator (with  x  in place of  n ) to fi nd the intersection 
point of the graphs of    y1 = 1.035x    and    y2 = 2.     Figure   5.3    shows that the intersection 
point has (approximate)  x -coordinate 20.14879. So it will take about 20.15 years for 
prices to double.   

  Algebraic   The same answer can be obtained by using natural logarithms, as in  Section   4.4   : 

    1.035n = 2    

    ln 1.035n = ln 2        Take the logarithm of each side.  

    n ln 1.035 = ln 2        Power property of logarithms.  

    n =
ln 2

ln 1.035
       Divide both sides by ln 1.035.  

    n ≈ 20.14879.       Use a calculator.        6�           

  Example 8 

  Effective Rate (APY) 

 If you invest $100 at 9%, compounded monthly, then your balance at the end of one year is 

   A = P(1 + i)n = 100a1 +
.09

12
b12

= $109.38.   

 You have earned $9.38 in interest, which is 9.38% of your original $100. In other words, 
$100 invested at 9.38% compounded  annually  will produce the same amount of interest 

  � Checkpoint 6 

 Using a calculator, fi nd the number 
of years it will take for $500 to 
increase to $750 in an account 
paying 6% interest compounded 
semiannually. 
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238 CHAPTER  5 Mathematics of Finance

(namely,    $100 * .0938 = $9.38)    as does 9% compounded monthly. In this situation, 9% 
is called the  nominal  or  stated rate,  while 9.38% is called the  effective rate  or  annual 
percentage yield (APY).  

 In the discussion that follows, the nominal rate is denoted  r  and the APY (effective 
rate) is denoted    rE.    

 Finance In April 2013, Nationwide Bank offered its customers 
a 5-year $100,000 CD at 1.73% interest, compounded daily. Find the APY. (Data from: 
 cdrates.bankaholic.com .) 

  Solution     The box given previously means that we must have the following: 

    
$100,000 at rate rE

compounded annually
= $100,000 at 1.73%,

compounded daily
   

   100,000(1 + rE)1 = 100,000a1 +
.0173

365
b365

       Compound interest formula.  

    (1 + rE) = a1 +
.0173

365
b365

       Divide both sides by 100,000.  

    rE = a1 +
.0173

365
b365

- 1        Subtract 1 from both sides.  

    rE ≈ .0175.    

 So the APY is about 1.75%.   

  Example 9 

 Effective Rate (rE) or Annual Percentage Yield (APY)
The    APY rE    is the annual compounding rate needed to produce the same amount of 
interest in one year, as the nominal rate does with more frequent compounding. 

 The argument in  Example   9    can be carried out with 100,000 replaced by    P, .0173    by 
 r , and 365 by  m . The result is the effective-rate formula.   

  Effective Rate (APY) 
 The effective rate (APY) corresponding to a stated rate of interest  r  compounded  m  
times per year is 

   rE = a1 +
r
m
bm

- 1.    

 Finance When interest rates are low (as they were when this 
text went to press), the interest rate and the APY are insignifi cantly different. To see when 
the difference is more pronounced, we will fi nd the APY for each of the given money 
market checking accounts (with balances between $50,000 and $100,000), which were 
advertised in October 2008 when offered rates were higher. 

   (a)   Imperial Capital Bank: 3.35% compounded monthly. 

  Solution     Use the effective-rate formula with    r = .0335    and    m = 12:    

   rE = a1 +
r
m
bm

- 1 = a1 +
.0335

12
b12

- 1 = .034019.   

 So the APY is about 3.40%, a slight increase over the nominal rate of 3.35%.   

  Example 10 
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  Present Value for Compound Interest 

 The formula for compound interest,    A = P(1 + i)n,    has four variables:  A ,  P ,  i , and  n . 
Given the values of any three of these variables, the value of the fourth can be found. In 
particular, if  A  (the future amount),  i , and  n  are known, then  P  can be found. Here,  P  is the 
amount that should be deposited today to produce  A  dollars in  n  periods. 

  (b)   U.S. Bank: 2.33% compounded daily. 

  Solution     Use the formula with    r = .0233    and    m = 365:    

   rE = a1 +
r
m
bm

- 1 = a1 +
.0233

365
b365

- 1 = .023572.   

 The APY is about 2.36%.     7�           � Checkpoint 7 

 Find the APY corresponding to a 
nominal rate of 

   (a)   12% compounded monthly;  

  (b)   8% compounded quarterly.   

       NOTE     Although you can fi nd both the stated interest rate and the APY for most certifi -

cates of deposit and other interest-bearing accounts, most bank advertisements mention 

only the APY.              

 Bank  A  is now lending money at 10% interest compounded 
annually. The rate at Bank  B  is 9.6% compounded monthly, and the rate at Bank C is 
9.7% compounded quarterly. If you need to borrow money, at which bank will you pay 
the least interest? 

  Solution     Compare the APYs: 

   Bank A: a1 +
.10

1
b1

- 1 = .10 = 10%;

Bank B: a1 +
.096

12
b12

- 1 ≈ .10034 = 10.034%;

Bank C: a1 +
.097

4
b4

- 1 ≈ .10059 = 10.059%.   

 The lowest APY is at Bank  A , which has the highest nominal rate.     8�       

  Example 11 

  � Checkpoint 8 

 Find the APY corresponding to a 
nominal rate of 

   (a)   4% compounded quarterly;  

  (b)   7.9% compounded daily.   

  TECHNOLOGY TIP 
   Effective rates (APYs) can be 

 computed on TI-84+       by using 

“Eff” in the APPS fi nancial menu, 

as shown in  Figure   5.4    for 

  Example   11   . 

 Figure 5.4       

 Keisha Jones must pay a lump sum of $6000 in 5 years. What 
amount deposited today at 6.2% compounded annually will amount to $6000 in 5 years? 

  Solution     Here,    A = 6000, i = .062, n = 5,    and  P  is unknown. Substituting these values 
into the formula for the compound amount gives 

    6000 = P(1.062)5

 P =
6000

(1.062)5 = 4441.49,   

 or $4441.49. If Jones leaves $4441.49 for 5 years in an account paying 6.2% com-
pounded annually, she will have $6000 when she needs it. To check your work, use the 
compound interest formula with    P = $4441.49, i = .062,    and    n = 5.    You should get 
   A = $6000.00.        9�       

  Example 12 

  � Checkpoint 9 

 Find  P  in  Example   12    if the interest 
rate is 

   (a)   6%;  

  (b)   10%.   

 As  Example   12    shows, $6000 in 5 years is (approximately) the same as $4441.49 today 
(if money can be deposited at 6.2% annual interest). An amount that can be deposited today 
to yield a given amount in the future is called the  present value  of the future amount. By 
solving    A = P(1 + i)n    for  P , we get the following general formula for present value.   
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240 CHAPTER  5 Mathematics of Finance

  Summary 

 At this point, it seems helpful to summarize the notation and the most important formulas 
for simple and compound interest. We use the following variables: 

       P = principal or present value;      

      A = future or maturity value;      

      r = annual (stated or nominal) interest rate;      

      t = number of years;      

      m = number of compounding periods per year;     

      i = interest rate per period;      

      n = total number of compounding periods;      

      rE = effective rate (APY).       

 Simple Interest  Compound Interest  Continuous Compounding 

    A = P(1 + rt)        A = P(1 + i)n        A = Pert    

    P =
A

1 + rt
        P =

A
(1 + i)n = A(1 + i)−n        P =

A
ert    

  
    rE = a1 +

r
m
bm

− 1    
  

  Present Value for Compound Interest 
 The  present value  of  A  dollars compounded at an interest rate  i  per period for  n  
periods is 

   P =
A

(1 + i)n,  or  P = A(1 + i)−n.    

 A zero-coupon bond with face value $15,000 and a 6% interest 
rate (compounded semiannually) will mature in 9 years. What is a fair price to pay for the 
bond today? 

  Solution     Think of the bond as a 9-year investment paying 6%, compounded semiannu-
ally, whose future value is $15,000. Its present value (what it is worth today) would be a 
fair price. So use the present value formula with    A = 15,000.    Since interest is compounded 
twice a year, the interest rate per period is    i = .06>2 = .03    and the number of periods in 
nine years is    n = 9(2) = 18.    Hence, 

   P =
A

(1 + i)n =
15,000

(1 + .03)18 ≈ 8810.919114.   

 So a fair price would be the present value of $8810.92.     10�       

  Example 13 

  � Checkpoint 10 

 Find the fair price (present value) 
in  Example   13    if the interest rate is 
7.5%. 

 Economics The average annual infl ation rate for the years 
2010–2012 was 2.29%. How much did an item that sells for $1000 in early 2013 cost three 
years before? (Data from:  infl ationdata.com .) 

  Solution     Think of the price three years prior as the present value  P  and $1000 as the 
future value  A . Then    i = .0229, n = 3,    and the present value is 

   P =
A

(1 + i)n =
1000

(1 + .0229)3 = $934.33.   

 So the item cost $934.33 three years prior.     11�        

  Example 14 

  � Checkpoint 11 

 What did a $1000 item sell for 5 
years prior if the annual infl ation 
rate has been 3.2%? 
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2415.2 Compound Interest

 Interest on the zero-coupon bonds here is compounded semiannually. 

   1.    In the preceding summary what is the difference between  r  and 
 i ? between  t  and  n ?        

   2.    Explain the difference between simple interest and compound 
interest.        

   3.    What factors determine the amount of interest earned on a fi xed 
principal?        

   4.    In your own words, describe the  maturity value  of a loan. 
      

   5.    What is meant by the  present value  of money?        

   6.    If interest is compounded more than once per year, which rate is 
higher, the stated rate or the effective rate?        

 Find the compound amount and the interest earned for each of the 

following deposits. (See  Examples   1   ,    2   ,    4   , and    5   .) 

   7.    $1000 at 4% compounded annually for 6 years        

   8.    $1000 at 6% compounded annually for 10 years        

   9.    $470 at 8% compounded semiannually for 12 years 
      

   10.    $15,000 at 4.6% compounded semiannually for 11 years 
      

   11.    $6500 at 4.5% compounded quarterly for 8 years 
      

   12.    $9100 at 6.1% compounded quarterly for 4 years 
      

 Finance The following CDs were available on  www.bankrate.

com on  April 13, 2013. Find the compound amount and the inter-

est earned for each of the following. (See  Example   5   .) 

   13.    Virtual Bank: $10,000 at .9% compounded daily for 1 year 
      

   14.    AloStar Bank of Commerce: $1000 at .85% compounded daily 
for 1 year        

   15.    USAA: $5000 at .81% compounded monthly for 2 years 
      

   16.    Centennial Bank: $20,000 at .45% compounded monthly for 
2 years        

   17.    E-LOAN: $100,000 at 1.52% compounded daily for 5 years 
      

   18.    Third Federal Savings and Loans: $150,000 at 1.15% com-
pounded quarterly for 5 years        

 Find the interest rate (with annual compounding) that makes the 

statement true. (See  Example   3   .) 

   19.    $3000 grows to $3606 in 5 years        

   20.    $2550 grows to $3905 in 11 years        

   21.    $8500 grows to $12,161 in 7 years        

   22.    $9000 grows to $17,118 in 16 years        

 Find the compound amount and the interest earned when the 

following investments have continuous compounding. (See  Ex-

ample   6   .) 

   23.    $20,000 at 3.5% for 5 years        

   24.    $15,000 at 2.9% for 10 years        

   25.    $30,000 at 1.8% for 3 years        

   26.    $100,000 at 5.1% for 20 years        

 Find the face value (to the nearest dollar) of the zero-coupon 

bond. (See  Example   7   .) 

   27.    15-year bond at 5.2%; price $4630        

   28.    10-year bond at 4.1%; price $13,328        

   29.    20-year bond at 3.5%; price $9992        

   30.    How do the nominal, or stated, interest rate and the effective 
interest rate (APY) differ?        

 Find the APY corresponding to the given nominal rates. (See 

 Examples   9   –   11   ). 

   31.    4% compounded semiannually        

   32.    6% compounded quarterly        

   33.    5% compounded quarterly        

   34.    4.7% compounded semiannually        

 Find the present value of the given future amounts. (See  Example   12   .) 

   35.    $12,000 at 5% compounded annually for 6 years        

   36.    $8500 at 6% compounded annually for 9 years        

   37.    $17,230 at 4% compounded quarterly for 10 years        

   38.    $5240 at 6% compounded quarterly for 8 years        

 What price should you be willing to pay for each of these zero-

coupon bonds? (See  Example   13   .) 

   39.    5-year $5000 bond; interest at 3.5%        

   40.    10-year $10,000 bond; interest at 4%        

   41.    15-year $20,000 bond; interest at 4.7%        

   42.    20-year $15,000 bond; interest at 5.3%        

 Finance For Exercises 43 and 44, assume an annual inflation 

rate of 2.07% (the annual inflation rate of 2012 according to 

 www.InflationData.com ). Find the previous price of the follow-

ing items. (See  Example   14   .) 

   43.    How much did an item that costs $5000 now cost 4 years prior? 
      

   44.    How much did an item that costs $7500 now cost 5 years prior? 
      

   45.    If the annual infl ation rate is 3.6%, how much did an item that 
costs $500 now cost 2 years prior?        

   46.    If the annual infl ation rate is 1.18%, how much did an item that 
costs $1250 now cost 6 years prior?        

   47.    If money can be invested at 8% compounded quarterly, which 
is larger, $1000 now or $1210 in 5 years? Use present value 
to decide.        

   48.    If money can be invested at 6% compounded annually, which 
is larger, $10,000 now or $15,000 in 6 years? Use present value 
to decide.        

   5.2  Exercises 
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242 CHAPTER  5 Mathematics of Finance

  Finance  Work the following applied problems. 

   49.    A small business borrows $50,000 for expansion at 9% com-
pounded monthly. The loan is due in 4 years. How much inter-
est will the business pay?        

   50.    A developer needs $80,000 to buy land. He is able to borrow the 
money at 10% per year compounded quarterly. How much will the 
interest amount to if he pays off the loan in 5 years?        

   51.    Lora Reilly has inherited $10,000 from her uncle’s estate. She 
will invest the money for 2 years. She is considering two invest-
ments: a money market fund that pays a guaranteed 5.8% inter-
est compounded daily and a 2-year Treasury note at 6% annual 
interest. Which investment pays the most interest over the 
2-year period?        

   52.    Which of these 20-year zero-coupon bonds will be worth more 
at maturity: one that sells for $4510, with a 6.1% interest rate, 
or one that sells for $5809, with a 4.8% interest rate? 
      

   53.    As the prize in a contest, you are offered $1000 now or $1210 in 
5 years. If money can be invested at 6% compounded annually, 
which is larger?        

   54.    Two partners agree to invest equal amounts in their business. 
One will contribute $10,000 immediately. The other plans to 
contribute an equivalent amount in 3 years, when she expects to 
acquire a large sum of money. How much should she contribute 
at that time to match her partner’s investment now, assuming an 
interest rate of 6% compounded semiannually?        

   55.    In the Capital Appreciation Fund, a mutual fund from T. Rowe 
Price, a $10,000 investment grew to $11,115 over the 3-year 
period 2010–2013. Find the annual interest rate, compounded 
yearly, that this investment earned.        

   56.    In the Vanguard Information Technology Index Fund, a $10,000 
investment grew to $16,904.75 over the 10-year period 2003–
2013. Find the annual interest rate, compounded yearly, that 
this investment earned.        

   57.    The Flagstar Bank in Michigan offered a 5-year certifi cate of 
deposit (CD) at 4.38% interest compounded quarterly in June 
2005. On the same day on the Internet, Principal Bank offered a 
5-year CD at 4.37% interest compounded monthly. Find the 
APY for each CD. Which bank paid a higher APY? 
      

   58.    The Westfi eld Bank in Ohio offered the CD rates shown in the 
accompanying table in October 2008. The APY rates shown 
assume monthly compounding. Find the corresponding nomi-
nal rates to the nearest hundredth. ( Hint:  Solve the effective-
rate equation for  r .) 

  Term   6 mo  1 yr  2 yr  3 yr  5 yr 

  APY (%)   2.25  2.50  3.00  3.25  3.75 

      

   59.    A company has agreed to pay $2.9 million in 5 years to settle a 
lawsuit. How much must it invest now in an account paying 5% 
interest compounded monthly to have that amount when it is due? 
      

   60.    Bill Poole wants to have $20,000 available in 5 years for a down 
payment on a house. He has inherited $16,000. How much of 
the inheritance should he invest now to accumulate the $20,000 
if he can get an interest rate of 5.5% compounded quarterly? 
      

   61.    If infl ation has been running at 3.75% per year and a new car 
costs $23,500 today, what would it have cost three years ago? 
      

   62.    If infl ation is 2.4% per year and a washing machine costs $345 
today, what did a similar model cost fi ve years ago?        

 Economics Use the approach in  Example   8    to find the time it 

would take for the general level of prices in the economy to double 

at the average annual inflation rates in Exercises 63–66. 

   63.    3% 
      

   64.    4% 
      

   65.    5% 
      

   66.    5.5% 
      

   67.    The consumption of electricity has increased historically at 6% 
per year. If it continues to increase at this rate indefi nitely, fi nd 
the number of years before the electric utility companies will 
need to double their generating capacity.        

   68.    Suppose a conservation campaign coupled with higher rates 
causes the demand for electricity to increase at only 2% per 
year, as it has recently. Find the number of years before the util-
ity companies will need to double their generating capacity. 
      

   69.    You decide to invest a $16,000 bonus in a money market fund 
that guarantees a 5.5% annual interest rate compounded monthly 
for 7 years. A one-time fee of $30 is charged to set up the 
account. In addition, there is an annual administrative charge of 
1.25% of the balance in the account at the end of each year. 

   (a)   How much is in the account at the end of the fi rst year? 
     

  (b)   How much is in the account at the end of the seventh year? 
        

   70.    Joe Marusa decides to invest $12,000 in a money market fund 
that guarantees a 4.6% annual interest rate compounded daily 
for 6 years. A one-time fee of $25 is charged to set up the 
account. In addition, there is an annual administration charge of 
.9% of the balance in the account at the end of each year. 

   (a)   How much is in the account at the end of the fi rst year? 
     

  (b)   How much is in the account at the end of the sixth year? 
        

 The following exercises are from professional examinations. 

   71.    On January 1, 2002, Jack deposited $1000 into Bank  X  to earn 
interest at the rate of  j  per annum compounded semiannually. On 
January 1, 2007, he transferred his account to Bank  Y  to earn 
interest at the rate of  k  per annum compounded quarterly. On 
January 1, 2010, the balance at Bank  Y  was $1990.76. If Jack 
could have earned interest at the rate of  k  per annum com-
pounded quarterly from January 1, 2002, through January 1, 
2010, his balance would have been $2203.76. Which of the fol-
lowing represents the ratio    k>j?    (Deposit of Jack in Bank X 
from Course 140 Examination, Mathematics of Compound 
Interest. Copyright © Society of Actuaries. Reproduced by 
permission of Society of Actuaries.) 

   (a)   1.25     (b)   1.30     (c)   1.35     (d)   1.40     (e)   1.45   
      

   72.    On January 1, 2009, Tone Company exchanged equipment for a 
$200,000 non-interest-bearing note due on January 1, 2012. The 
prevailing rate of interest for a note of this type on January 1, 2009, 
was 10%. The present value of $1 at 10% for three periods is 0.75. 
What amount of interest revenue should be included in Tone’s 
2010 income statement? (Adapted from the Uniform CPA Exami-
nation, American Institute of Certifi ed Public Accountants.) 

   (a)   $7500  

  (c)   $16,500  

  (b)   $15,000  

  (d)   $20,000   
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243 5.3 Annuities, Future Value, and Sinking Funds 

  �Checkpoint Answers 

   1.     (a)   Year Interest Balance 
    4 $50 $1200 
    5 $50 $1250  

    (b)   Year Interest Balance 
    4 $57.88 $1215.51 
    5 $60.78 $1276.29    

   2.     (a)   $26,170.72     (b)   $9170.72    

   3.     (a)   $1039.75     (b)   $2514.84    

   4.   $7980.52  

   5.     (a)   $15,000     (b)   $35,000    

   6.   About 7 years    (n = 6.86)     

   7.     (a)   12.68%     (b)   8.24%    

   8.     (a)   4.06%     (b)   8.220%    

   9.     (a)   $4483.55     (b)   $3725.53    

   10.   $7732.24     11.   $854.28      

 For example, when    x = 5    and    n = 7,    we see that 

   1 + 5 + 52 + 53 + 54 + 55 + 56 =
57 - 1

5 - 1
=

78,124

4
= 19,531.   

 A calculator can easily add up the terms on the left side, but it is faster to use the formula 
( Figure   5.5   ).  

     5.3   Annuities, Future Value, 
and Sinking Funds 
 So far in this chapter, only lump-sum deposits and payments have been discussed. Many 
fi nancial situations, however, involve a sequence of payments at regular intervals, such as 
weekly deposits in a savings account or monthly payments on a mortgage or car loan. Such 
periodic payments are the subject of this section and the next. 

 The analysis of periodic payments will require an algebraic technique that we now 
develop. Suppose  x  is a real number. For reasons that will become clear later, we want to 
fi nd the product 

   (x - 1)(1 + x + x2 + x3 + . . . . + x11).   

 Using the distributive property to multiply this expression out, we see that all but two of 
the terms cancel: 

   x(1 + x + x2 + x3 + . . . . + x11) - 1(1 + x + x2 + x3 + . . . . + x11)

 = (x + x2 + x3 + . . . . + x11 + x12) - 1 - x - x2 - x3 - . . . . - x11

 = x12 - 1.    

 Hence,    (x - 1)(1 + x + x2 + x3 + . . . . + x11) = x12 - 1.    Dividing both sides by 
   x - 1,    we have 

   1 + x + x2 + x3 + . . . . + x11 =
x12 - 1

x - 1
.   

 The same argument, with any positive integer  n  in place of 12 and    n - 1    in place of 11, 
produces the following result:   

  If  x  is a real number and  n  is a positive integer, then 

   1 + x + x2 + x3 + . . . . + xn - 1 =
xn - 1

x - 1
.    

 Figure 5.5       
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244 CHAPTER  5 Mathematics of Finance

 $1500 is deposited at the end of each year for the next 6 years in 
an account paying 8% interest compounded annually. Find the future value of this annuity. 

  Solution      Figure   5.6    shows the situation schematically. 

 

Term of annuity

End of year

1 2 3 4 5 6

Period 1 Period 4Period 2 Period 5 Period 6

$1500

The $1500 is deposited at the end of the year.

Period 3

$1500 $1500 $1500 $1500 $1500

 Figure 5.6        

 To fi nd the future value of this annuity, look separately at each of the $1500 payments. The 
fi rst $1500 is deposited at the end of period 1 and earns interest for the remaining 5 periods. 
From the formula in the box on page  233 , the compound amount produced by this payment is 

   1500(1 + .08)5 = 1500(1.08)5.   

 The second $1500 payment is deposited at the end of period 2 and earns interest for the 
remaining 4 periods. So the compound amount produced by the second payment is 

   1500(1 + .08)4 = 1500(1.08)4.   

 Continue to compute the compound amount for each subsequent payment, as shown in 
 Figure   5.7   . Note that the last payment earns no interest. 

 

1 2 3 4 5 6

$1500

 Year

$1500Deposit $1500 $1500 $1500 $1500

1500 (1.08)2

1500 (1.08)3

1500 (1.08)4

1500 (1.08)5

1500 (1.08)

$1500

The sum of these
is the total amount
after 6 years.

 Figure 5.7        

 The last column of  Figure   5.7    shows that the total amount after 6 years is the sum 

   1500 + 1500 # 1.08 + 1500 # 1.082 + 1500 # 1.083 + 1500 # 1.084 + 1500 # 1.085

 = 1500(1 + 1.08 + 1.082 + 1.083 + 1.084 + 1.085).  (1)    

  Example 1 

  Ordinary Annuities 

 A sequence of equal payments made at equal periods of time is called an  annuity.  The 
time between payments is the  payment period,  and the time from the beginning of the fi rst 
payment period to the end of the last period is called the  term of the annuity.  Annuities 
can be used to accumulate funds—for example, when you make regular deposits in a sav-
ings account. Or they can be used to pay out funds—as when you receive regular payments 
from a pension plan after you retire. 

 Annuities that pay out funds are considered in the next section. This section deals with 
annuities in which funds are accumulated by regular payments into an account or invest-
ment that earns compound interest. The  future value  of such an annuity is the fi nal sum on 
deposit—that is, the total amount of all deposits and all interest earned by them. 

 We begin with  ordinary annuities —ones where the payments are made at the  end  of 
each period and the frequency of payments is the same as the frequency of compounding 
the interest. 
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245 5.3 Annuities, Future Value, and Sinking Funds 

  Example   1    is the model for fi nding a formula for the future value of any annuity. Sup-
pose that a payment of  R  dollars is deposited at the end of each period for  n  periods, at an 
interest rate of  i  per period. Then the future value of this annuity can be found by using the 
procedure in  Example   1   , with these replacements: 

 1500  .08  1.08  6  5 
    T         T         T         T         T     
   R     i      1 + i      n      n - 1    

 The future value  S  in  Example   1   —call it  S —is the sum  (1) , which now becomes 

   S = R[1 + (1 + i) + (1 + i)2 + . . . . + (1 + i)n-2 + (1 + i)n-1].   

 Apply the algebraic fact in the box on page  243  to the expression in brackets (with 
   x = 1 + i).    Then we have 

   S = R c (1 + i)n - 1

(1 + i) - 1
d = R c (1 + i)n - 1

i
d .   

 The quantity in brackets in the right-hand part of the preceding equation is sometimes 
written    sn i    (read “ s -angle- n  at  i ”). So we can summarize as follows.  *        

  � Checkpoint 1 

 Complete these steps for an annuity 
of $2000 at the end of each year for 
3 years. Assume interest of 6% 
compounded annually. 

   (a)   The fi rst deposit of $2000 
produces a total of _____.  

  (b)   The second deposit becomes 
_____.  

  (c)   No interest is earned on the 
third deposit, so the total in 
the account is _____.   

 *  We use  S  for the future value here instead of  A , as in the compound interest formula, to help avoid confusing the two formulas. 

  Future Value of an Ordinary Annuity 
 The future value  S  of an ordinary annuity used to accumulate funds is given by 

   S = R c (1 + i)n − 1
i

d ,  or  S = R # sn i,   

  where 

   R  is the payment at the end of each period,  

   i  is the interest rate per period, and  

   n  is the number of periods.    

  TECHNOLOGY TIP     Most computations with annuities can be done quickly with a 

spreadsheet program or a graphing calculator. On a calculator, use the TVM solver if there is one 

(see the Technology Tip on page  236 ); otherwise, use the programs in the Program Appendix.  

  Figure   5.8    shows how to do  Example   1    on a    TI-84+ TVM    solver. First, enter the known 

quantities:    N = number of payments, l % = annual interest rate,       PV = present value, PMT =  

payment per period    (entered as a negative amount),    P>Y =    number of payments per year, 

and    C>Y =    number of compoundings per year. At the bottom of the screen, set PMT: to 

“END” for ordinary annuities. Then put the cursor next to the unknown amount FV (future 

value), and press SOLVE.  

  Note:     P>Y    and    C>Y    should always be the same for problems in this text. If you use the 

solver for ordinary compound interest problems, set    PMT = 0    and enter either PV or FV 

(whichever is known) as a negative amount. 

 Figure 5.8       

 A rookie player in the National Football League just signed his 
fi rst 7-year contract. To prepare for his future, he deposits $150,000 at the end of each year 
for 7 years in an account paying 4.1% compounded annually. How much will he have on 
deposit after 7 years? 

  Example 2 

 Now apply the algebraic fact in the box on page  243  to the expression in parentheses (with 
   x = 1.08    and    n = 6).    It shows that the sum (the future value of the annuity) is 

   1500 # 1.086 - 1

1.08 - 1
= $11,003.89.       1�
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246 CHAPTER  5 Mathematics of Finance

  Sinking Funds 

 A  sinking fund  is a fund set up to receive periodic payments. Corporations and munici-
palities use sinking funds to repay bond issues, to retire preferred stock, to provide for 
replacement of fi xed assets, and for other purposes. If the payments are equal and are made 
at the end of regular periods, they form an ordinary annuity. 

 Allyson, a college professor, contributed $950 a month to the CREF 
stock fund (an investment vehicle available to many college and university employees). For 
the past 10 years this fund has returned 4.25%, compounded monthly. 

   (a)   How much did Allyson earn over the course of the last 10 years? 

  Solution     Allyson’s payments form an ordinary annuity, with monthly payment    R = 950.    

 The interest per month is    i =
.0425

12
,    and the number of months in 10 years is n =

   10 * 12 = 120.    The future value of this annuity is 

   S = R c (1 + i)n - 1

i
d = 950 c (1 + .0425>12)120 - 1

.0425>12
d = $141,746.90.     

  (b)   As of April 14, 2013, the year to date return was 9.38%, compounded monthly. If this 
rate were to continue, and Allyson continues to contribute $950 a month, how much 
would the account be worth at the end of the next 15 years? 

  Solution     Deal separately with the two parts of her account (the $950 contributions in 
the future and the $141,746.90 already in the account). The contributions form an ordinary 
annuity as in part (a). Now we have    R = 950, i = .0938>12,    and    n = 12 * 15 = 180.    So 
the future value is 

   S = R c (1 + i)n - 1

i
d = 950 c (1 + .0938>12)180 - 1

.0938>12
d = $372,068.65.   

 Meanwhile, the $141,746.90 from the fi rst 10 years is also earning interest at 9.38%, com-
pounded monthly. By the compound amount formula ( Section   5.2   ), the future value of this 
money is 

   141,746.90(1 + .0938>12)180 = $575,691.85.   

 So the total amount in Allyson’s account after 25 years is the sum 

   $372,068.65 + $575,691.85 = $947,760.50.       3�
           

  Example 3 

  � Checkpoint 3 

 Find the total value of the account 
in part (b) of  Example   3    if the 
fund’s return for the last 15 years is 
8.72%, compounded monthly. 

 A business sets up a sinking fund so that it will be able to pay off 
bonds it has issued when they mature. If it deposits $12,000 at the end of each quarter 
in an account that earns 5.2% interest, compounded quarterly, how much will be in the 
sinking fund after 10 years? 

  Solution     The sinking fund is an annuity, with    R = 12,000, i = .052>4,    and 
   n = 4(10) = 40.    The future value is 

   S = R c (1 + i)n - 1

i
d = 12,000 c (1 + .052>4)40 - 1

.052>4 d = $624,369.81.   

 So there will be about $624,370 in the sinking fund.   

  Example 4 

  � Checkpoint 2 

 Johnson Building Materials 
deposits $2500 at the end of each 
year into an account paying 8% per 
year compounded annually. Find 
the total amount on deposit after 

   (a)   6 years;  

  (b)   10 years.   

  Solution     His payments form an ordinary annuity with    R = 150,000, n = 7, and 
i = .041.    The future value of this annuity (by the previous formula) is 

   S = 150,000 c (1.041)7 - 1

.041
d = $1,188,346.11.       2�
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247 5.3 Annuities, Future Value, and Sinking Funds 

  Annuities Due 

 The formula developed previously is for  ordinary annuities —annuities with payments at 
the  end  of each period. The results can be modifi ed slightly to apply to  annuities due —
annuities where payments are made at the  beginning  of each period. 

 An example will illustrate how this is done. Consider an annuity due in which pay-
ments of $100 are made for 3 years, and an ordinary annuity in which payments of $100 
are made for 4 years, both with 5% interest, compounded annually.  Figure   5.11    computes 
the growth of each payment separately (as was done in  Example   1   ). 

 A fi rm borrows $6 million to build a small factory. The bank 
requires it to set up a $200,000 sinking fund to replace the roof after 15 years. If the fi rm’s 
deposits earn 6% interest, compounded annually, fi nd the payment it should make at the 
end of each year into the sinking fund. 

  Solution     This situation is an annuity with future value    S = 200,000,    interest rate 
   i = .06,    and    n = 15.    Solve the future-value formula for  R : 

    S = R c (1 + i)n - 1

i
d    

    200,000 = R c (1 + .06)15 - 1

.06
d       Let    S = 200,000,       i = .06,    and    n = 15.     

    200,000 = R[23.27597]      Compute the quantity in brackets.  

    R =
200,000

23.27597
= $8592.55.      Divide both sides by 23.27597.  

 So the annual payment is about $8593.   4�
        

  Example 5 

  � Checkpoint 4 

 Francisco Arce needs $8000 in 6 
years so that he can go on an 
archaeological dig. He wants to 
deposit equal payments at the end 
of each quarter so that he will have 
enough to go on the dig. Find the 
amount of each payment if the 
bank pays 

   (a)   12% interest compounded 
quarterly;  

  (b)   8% interest compounded 
quarterly.   

 As an incentive for a valued employee to remain on the job, a 
company plans to offer her a $100,000 bonus, payable when she retires in 20 years. If the 
company deposits $200 a month in a sinking fund, what interest rate must it earn, with 
monthly compounding, in order to guarantee that the fund will be worth $100,000 in 20 
years? 

  Solution     The sinking fund is an annuity with    R = 200, n = 12(20) = 240,    and future 
value    S = 100,000.    We must fi nd the interest rate. If  x  is the annual interest rate in decimal 
form, then the interest rate per month is    i = x>12.    Inserting these values into the future-
value formula, we have 

    R c (1 + i)n - 1

i
d = S

 200 c (1 + x>12)240 - 1

x>12
d = 100,000.   

 This equation is hard to solve algebraically. You can get a rough approximation by using a 
calculator and trying different values for  x . With a graphing calculator, you can get an 
accurate solution by graphing 

   y1 = 200 c (1 + x>12)240 - 1

x>12
d and y2 = 100,000   

 and fi nding the  x -coordinate of the point where the graphs intersect.  Figure   5.9    shows that 
the company needs an interest rate of about 6.661%. The same answer can be obtained on 
a TVM solver ( Figure   5.10   ).   5�

           

  Example 6 

 Figure 5.9       

 Figure 5.10       

  � Checkpoint 5 

 Pete’s Pizza deposits $5800 at the 
end of each quarter for 4 years. 

   (a)   Find the fi nal amount on 
deposit if the money earns 
6.4% compounded quarterly.  

  (b)   Pete wants to accumulate 
$110,000 in the 4-year period. 
What interest rate (to the 
nearest tenth) will be 
required?   
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$100 $100 $100

Year 3

$100

Year 4Year 2Year 1

 Ordinary Annuity (payments at end of year for 4 years)

100(1.051)
100

100(1.052)
100(1.053)

$100 $100 $100

Year 3Year 2Year 1

Annuity Due (payments at beginning of year for 3 years)

100(1.051)
100(1.052)
100(1.053)

Future value is the sum of this column

Future value is the sum of this column

 Figure 5.11        

 Payments of $500 are made at the beginning of each quarter for 
7 years in an account paying 8% interest, compounded quarterly. Find the future value of 
this annuity due. 

  Example 7 

 Essentially the same argument works in the general case.   

  Future Value of an Annuity Due 
 The future value  S  of an annuity due used to accumulate funds is given by 

    S = R c (1 + i)n+1 - 1

i
d - R    

    S =
Future value of

an ordinary annuity
of n + 1 payments

- One payment,   

  where 

   R  is the payment at the beginning of each period,  

   i  is the interest rate per period, and  

   n  is the number of periods.    

  Figure   5.11    shows that the future values are the same,  except  for one $100 payment on 
the ordinary annuity (shown in red). So we can use the formula on page  245  to fi nd the 
future value of the 4-year ordinary annuity and then subtract one $100 payment to get the 
future value of the 3-year annuity due: 

  Future value of     =      Future value of     −      One payment 
3-year annuity due  4-year ordinary annuity 

   S = 100 c 1.054 - 1

.05
d - 100 = $331.01.   
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249 5.3 Annuities, Future Value, and Sinking Funds 

  Solution     In 7 years, there are    n = 28    quarterly periods. For an annuity due, add one 
period to get    n + 1 = 29,    and use the formula with    i = .08>4 = .02:    

   S = R c (1 + i)n+1 - 1

i
d - R = 500 c (1 + .02)29 - 1

.02
d - 500 = $18,896.12.   

 After 7 years, the account balance will be $18,896.12.   6�
        

  � Checkpoint 6 

   (a)   Ms. Black deposits $800 at the 
beginning of each 6-month 
period for 5 years. Find the 
fi nal amount if the account 
pays 6% compounded 
semiannually.  

  (b)   Find the fi nal amount if this 
account were an ordinary 
annuity.   

 Jay Rechtien plans to have a fi xed amount from his paycheck 
directly deposited into an account that pays 5.5% interest, compounded monthly. If he gets 
paid on the fi rst day of the month and wants to accumulate $13,000 in the next three-and-
a-half years, how much should he deposit each month? 

  Solution     Jay’s deposits form an annuity due whose future value is    S = 13,000.    The 
interest rate is    i = .055>12.    There are 42 months in three-and-a-half years. Since this is an 
annuity due, add one period, so that    n + 1 = 43.    Then solve the future-value formula for 
the payment  R : 

    R c (1 + i)n + 1 - 1

i
d - R = S    

    R c (1 + .055>12)43 - 1

.055>12
d - R = 13,000       

    Ra c (1 + .055>12)43 - 1

.055>12
d - 1b = 13,000       Factor out  R  on left side.  

    R(46.4103) = 13,000       Compute left side.  

    R =
13,000

46.4103
= 280.110.      Divide both sides by 46.4103.  

 Jay should have $280.11 deposited from each paycheck.             

 Let    i = .055>12, n = 43,    

and    S = 13,000.    

  Example 8 

  TECHNOLOGY TIP 
   When a TVM solver is used for 

annuities due, the PMT: setting at 

the bottom of the screen should 

be “BEGIN”. See  Figure   5.12   , 

which shows the solution of 

 Example   8   . 

 Figure 5.12       

   5.3  Exercises 

  Note : Unless stated otherwise, all payments are made at the end 

of the period. 

 Find each of these sums (to 4 decimal places). 

   1.       1 + 1.05 + 1.052 + 1.053 + . . . . + 1.0514           

   2.       1 + 1.046 + 1.0462 + 1.0463 + . . . . + 1.04621           

 Find the future value of the ordinary annuities with the given pay-

ments and interest rates. (See  Examples   1   ,    2   ,    3   (a), and    4   .) 

   3.       R = $12,000, 6.2%    interest compounded annually for 8 years 
      

   4.       R = $20,000, 4.5%    interest compounded annually for 12 years 
      

   5.       R = $865, 6%    interest compounded semiannually for 10 years 
      

   6.       R = $7300, 9%    interest compounded semiannually for 6 years 
      

   7.       R = $1200, 8%    interest compounded quarterly for 10 years 
      

   8.       R = $20,000, 6%    interest compounded quarterly for 12 years 
      

 Find the final amount (rounded to the nearest dollar) in each 

of these retirement accounts, in which the rate of return on the 

account and the regular contribution change over time. (See 

  Example   3   .) 

   9.    $400 per month invested at 4%, compounded monthly, for 
10 years; then $600 per month invested at 6%, compounded 
monthly, for 10 years.        

   10.    $500 per month invested at 5%, compounded monthly, for 
20 years; then $1000 per month invested at 8%, compounded 
monthly, for 20 years.        

   11.    $1000 per quarter invested at 4.2%, compounded quarterly, 
for 10 years; then $1500 per quarter invested at 7.4%, com-
pounded quarterly, for 15 years.        

   12.    $1500 per quarter invested at 7.4%, compounded quarterly, for 
15 years; then $1000 per quarter invested at 4.2%, compounded 
quarterly, for 10 years. (Compare with Exercise 11.) 
      

 Find the amount of each payment to be made into a sinking fund 

to accumulate the given amounts. Payments are made at the end 

of each period. (See  Example   5   .) 

   13.    $11,000; money earns 5% compounded semiannually for 6 years  
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250 CHAPTER  5 Mathematics of Finance

   14.    $65,000; money earns 6% compounded semiannually for    41
2    

years        

   15.    $50,000; money earns 8% compounded quarterly for    21
2    

years        

   16.    $25,000; money earns 9% compounded quarterly for    31
2    

years        

   17.    $6000; money earns 6% compounded monthly for 3 years        

   18.    $9000; money earns 7% compounded monthly for    21
2    years 

        

 Find the interest rate needed for the sinking fund to reach the re-

quired amount. Assume that the compounding period is the same 

as the payment period. (See  Example   6   .) 

   19.    $50,000 to be accumulated in 10 years; annual payments of 
$3940.        

   20.    $100,000 to be accumulated in 15 years; quarterly payments of 
$1200.        

   21.    $38,000 to be accumulated in 5 years; quarterly payments of 
$1675.        

   22.    $77,000 to be accumulated in 20 years; monthly payments of 
$195.        

   23.    What is meant by a sinking fund? List some reasons for estab-
lishing a sinking fund.        

   24.    Explain the difference between an ordinary annuity and an 
annuity due.        

 Find the future value of each annuity due. (See  Example   7   .) 

   25.    Payments of $500 for 10 years at 5% compounded annually 
        
   26.    Payments of $1050 for 8 years at 3.5% compounded annually 

   27.    Payments of $16,000 for 11 years at 4.7% compounded annually 
      

   28.    Payments of $25,000 for 12 years at 6% compounded annually 

   29.    Payments of $1000 for 9 years at 8% compounded semiannually 

   30.    Payments of $750 for 15 years at 6% compounded semiannually 

   31.    Payments of $100 for 7 years at 9% compounded quarterly 

   32.    Payments of $1500 for 11 years at 7% compounded quarterly 

 Find the payment that should be used for the annuity due whose 

future value is given. Assume that the compounding period is the 

same as the payment period. (See  Example   8   .) 

   33.    $8000; quarterly payments for 3 years; interest rate 4.4% 

   34.    $12,000; annual payments for 6 years; interest rate 5.1% 

   35.    $55,000; monthly payments for 12 years; interest rate 5.7% 

   36.    $125,000; monthly payments for 9 years; interest rate 6% 

  Finance  Work the following applied problems. 

   37.    A typical pack-a-day smoker in Ohio spends about $170 per 
month on cigarettes. Suppose the smoker invests that amount at 
the end of each month in an investment fund that pays a return 

of 5.3% compounded monthly. What would the account be 
worth after 40 years? (Data from:  www.theawl.com .) 
      

   38.    A typical pack-a-day smoker in Illinois spends about $307.50 
per month on cigarettes. Suppose the smoker invests that 
amount at the end of each month in an investment fund that 
pays a return of 4.9% compounded monthly. What would the 
account be worth after 40 years? (Data from:  www.theawl.
com .)        

   39.    The Vanguard Explorer Value fund had as of April 2013 a 
10-year average return of 10.99%. (Data from:  www.vanguard.
com .) 

   (a)   If Becky Anderson deposited $800 a month in the fund for 
10 years, fi nd the fi nal value of the amount of her invest-
ments. Assume monthly compounding.       

  (b)   If Becky had invested instead with the Vanguard Growth 
and Income fund, which had an average annual return of 
7.77%, what would the fi nal value of the amount of her in-
vestments be? Assume monthly compounding.       

  (c)   How much more did the Explorer Value fund generate than 
the Growth and Income fund?          

   40.    The Janus Enterprise fund had as of April 2013 a 10-year aver-
age return of 12.54%. (Data from:  www.janus.com .) 

   (a)   If Elaine Chuha deposited $625 a month in the fund for 8 
years, fi nd the fi nal value of the amount of her investments. 
Assume monthly compounding.       

  (b)   If Elaine had invested instead with the Janus Twenty fund, 
which had an average annual return of 10.63%, what 
would the fi nal value of the amount of her investments be? 
Assume monthly compounding.       

  (c)   How much more did the Janus Enterprise fund generate 
than the Janus Twenty fund?          

   41.    Brian Feister, a 25-year-old professional, invests $200 a month in 
the T. Rowe Price Capital Opportunity fund, which has a 10-year 
average return of 8.75%. (Data from:  www.troweprice.com .) 

   (a)   Brian wants to estimate what he will have for retirement 
when he is 60 years old if the rate stays constant. Assume 
monthly compounding.       

  (b)   If Brian makes no further deposits and makes no withdraw-
als after age 60, how much will he have for retirement at 
age 65?          

   42.    Ian Morrison, a 30-year-old professional, invests $250 a month 
in the T. Rowe Price Equity Income fund, which has a 10-year 
average return of 9.04%. (Data from:  www.troweprice.com .) 

   (a)   Ian wants to estimate what he will have for retirement 
when he is 65 years old if the rate stays constant. Assume 
monthly compounding.       

  (b)   If Ian makes no further deposits and makes no withdrawals 
after age 65, how much will he have for retirement at age 
75? Assume monthly compounding.          

   43.    A mother opened an investment account for her son on the day 
he was born, investing $1000. Each year on his birthday, she 
deposits another $1000, making the last deposit on his 18 th  
birthday. If the account paid a return rate of 5.6% compounded 
annually, how much is in the account at the end of the day on 
the son’s 18 th  birthday?        
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   44.    A grandmother opens an investment account for her only grand-
daughter on the day she was born, investing $500. Each year on 
her birthday, she deposits another $500, making the last deposit 
on her 25 th  birthday. If the account paid a return rate of 6.2% 
compounded annually, how much is in the account at the end of 
the day on the granddaughter’s 25 th  birthday?        

   45.    Chuck Hickman deposits $10,000 at the beginning of each year 
for 12 years in an account paying 5% compounded annually. 
He then puts the total amount on deposit in another account 
paying 6% compounded semi-annually for another 9 years. 
Find the final amount on deposit after the entire 21-year 
period.        

   46.    Suppose that the best rate that the company in  Example   6    can 
fi nd is 6.3%, compounded monthly (rather than the 6.661% it 
wants). Then the company must deposit more in the sinking 
fund each month. What monthly deposit will guarantee that the 
fund will be worth $100,000 in 20 years?        

   47.    David Horwitz needs $10,000 in 8 years. 

   (a)   What amount should he deposit at the end of each quar-
ter at 5% compounded quarterly so that he will have his 
$10,000?       

  (b)   Find Horwitz’s quarterly deposit if the money is deposited 
at 5.8% compounded quarterly.          

   48.    Harv’s Meats knows that it must buy a new machine in 4 years. 
The machine costs $12,000. In order to accumulate enough 
money to pay for the machine, Harv decides to deposit a sum of 
money at the end of each 6 months in an account paying 6% com-
pounded semiannually. How much should each payment be?  

       
   49.    Barbara Margolius wants to buy a $24,000 car in 6 years. How 

much money must she deposit at the end of each quarter in an 
account paying 5% compounded quarterly so that she will have 
enough to pay for her car?        

   50.    The Chinns agree to sell an antique vase to a local museum for 
$19,000. They want to defer the receipt of this money until they 
retire in 5 years (and are in a lower tax bracket). If the museum 
can earn 5.8%, compounded annually, fi nd the amount of each 
annual payment it should make into a sinking fund so that it will 
have the necessary $19,000 in 5 years.        

   51.    Diane Gray sells some land in Nevada. She will be paid a lump 
sum of $60,000 in 7 years. Until then, the buyer pays 8% simple 
interest quarterly. 

   (a)   Find the amount of each quarterly interest payment.       

  (b)   The buyer sets up a sinking fund so that enough money will 
be present to pay off the $60,000. The buyer wants to make 
semiannual payments into the sinking fund; the account 
pays 6% compounded semiannually. Find the amount of 
each payment into the fund.          

   52.    Joe Seniw bought a rare stamp for his collection. He agreed to 
pay a lump sum of $4000 after 5 years. Until then, he pays 6% 
simple interest semiannually. 

   (a)   Find the amount of each semiannual interest payment.       

  (b)   Seniw sets up a sinking fund so that enough money will 
be present to pay off the $4000. He wants to make annual 
payments into the fund. The account pays 8% compounded 
annually. Find the amount of each payment.          

   53.    To save for retirement, Karla Harby put $300 each month into 
an ordinary annuity for 20 years. Interest was compounded 
monthly. At the end of the 20 years, the annuity was worth 
$147,126. What annual interest rate did she receive?        

   54.    Jennifer Wall made payments of $250 per month at the end of 
each month to purchase a piece of property. After 30 years, she 
owned the property, which she sold for $330,000. What annual 
interest rate would she need to earn on an ordinary annuity for a 
comparable rate of return?        

   55.    When Joe and Sarah graduate from college, each expects to 
work a total of 45 years. Joe begins saving for retirement 
immediately. He plans to deposit $600 at the end of each quar-
ter into an account paying 8.1% interest, compounded quar-
terly, for 10 years. He will then leave his balance in the 
account, earning the same interest rate, but make no further 
deposits for 35 years. Sarah plans to save nothing during the 
fi rst 10 years and then begin depositing $600 at the end of 
each quarter in an account paying 8.1% interest, compounded 
quarterly, for 35 years. 

   (a)   Without doing any calculations, predict which one will have 
the most in his or her retirement account after 45 years. Then 
test your prediction by answering the  following questions 
(calculation required to the nearest dollar).       

  (b)   How much will Joe contribute to his retirement account? 
      
  (c)   How much will be in Joe’s account after 45 years?       

  (d)   How much will Sarah contribute to her retirement account? 

  (e)   How much will be in Sarah’s account after 45 years? 

   56.    In a 1992 Virginia lottery, the jackpot was $27 million. An 
Australian investment fi rm tried to buy all possible combina-
tions of numbers, which would have cost $7 million. In fact, 
the fi rm ran out of time and was unable to buy all combina-
tions, but ended up with the only winning ticket anyway. The 
fi rm received the jackpot in 20 equal annual payments of $1.35 
million. Assume these payments meet the conditions of an 
ordinary annuity. (Data from:  Washington Post , March 10, 
1992, p. A1.) 

   (a)   Suppose the fi rm can invest money at 8% interest com-
pounded annually. How many years would it take until the 
investors would be further ahead than if they had simply 
invested the $7 million at the same rate? ( Hint:  Experiment 
with different values of  n , the number of years, or use a 
graphing calculator to plot the value of both investments as 
a function of the number of years.)       

  (b)   How many years would it take in part (a) at an interest rate 
of 12%?           

  �Checkpoint Answers 

   1.     (a)   $2247.20     (b)   $2120.00     (c)   $6367.20    

   2.     (a)   $18,339.82     (b)   $36,216.41    

   3.   $872,354.36  

   4.     (a)   $232.38     (b)   $262.97    

   5.     (a)   $104,812.44     (b)   8.9%    

   6.     (a)   $9446.24     (b)   $9171.10        
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252 CHAPTER  5 Mathematics of Finance

  Present Value 

 In  Section   5.2   , we saw that the present value of  A  dollars at interest rate  i  per period for  n  
periods is the amount that must be deposited today (at the same interest rate) in order to 
produce  A  dollars in  n  periods. Similarly, the  present value of an annuity  is the amount 
that must be deposited today (at the same compound interest rate as the annuity) to provide 
all the payments for the term of the annuity. It does not matter whether the payments are 
invested to accumulate funds or are paid out to disperse funds; the amount needed to pro-
vide the payments is the same in either case. We begin with ordinary annuities. 

     5.4   Annuities, Present Value, 
and Amortization 
 In the annuities studied previously, regular deposits were made into an interest-bearing 
account and the value of the annuity increased from 0 at the beginning to some larger 
amount at the end (the future value). Now we expand the discussion to include annuities 
that begin with an amount of money and make regular payments each period until the value 
of the annuity decreases to 0. Examples of such annuities are lottery jackpots, structured 
settlements imposed by a court in which the party at fault (or his or her insurance com-
pany) makes regular payments to the injured party, and trust funds that pay the recipients a 
fi xed amount at regular intervals. 

 In order to develop the essential formula for dealing with “payout annuities,” we need 
another useful algebraic fact. If  x  is a nonzero number and  n  is a positive integer, verify the 
following equality by multiplying out the right-hand side:  *    

   x-1 + x-2 + x-3 + . . . . + x-(n-1) + x-n = x-n(xn-1 + xn-2 + xn-3 + . . . . + x1 + 1).   

 Now use the sum formula in the box on page  243  to rewrite the expression in parentheses 
on the right-hand side: 

    x-1 + x-2 + x-3 + . . . . + x-(n-1) + x-n = x-na xn - 1

x - 1
b

 =
x-n(xn - 1)

x - 1
=

x0 - x-n

x - 1
=

1 - x-n

x - 1
.   

 We have proved the following result:   

 *  Remember that powers of  x  are multiplied by  adding  exponents and that    xnx-n = xn - n = x0 = 1.    

  If  x  is a nonzero real number and  n  is a positive integer, then 

   x-1 + x-2 + x-3 + . . . . + x-n =
1 - x-n

x - 1
.    

 Your rich aunt has funded an annuity that will pay you $1500 at 
the end of each year for six years. If the interest rate is 8%, compounded annually, fi nd the 
present value of this annuity. 

  Solution     Look separately at each payment you will receive. Then fi nd the present value 
of each payment—the amount needed now in order to make the payment in the future. The 
sum of these present values will be the present value of the annuity, since it will provide all 
of the payments. 

  Example 1 

M05_HUNG9617_11_AIE_C05.indd Page 252  22/10/13  11:03 AM f-w-147 M05_HUNG9617_11_AIE_C05.indd Page 252  22/10/13  11:03 AM f-w-147 /204/AW00122/9780321931061_HUNGERFORD/HUNGERFORD_FINTE_MATH_WITH_APPS11_SE_978032 .../204/AW00122/9780321931061_HUNGERFORD/HUNGERFORD_FINTE_MATH_WITH_APPS11_SE_97803

Not for Sale

Copyright Pearson. All rights reserved.



253 5.4 Annuities, Present Value, and Amortization 

 To fi nd the fi rst $1500 payment (due in one year), the present value of $1500 at 8% 
annual interest is needed now. According to the present-value formula for compound inter-
est on page  240  (with    A = 1500, i = .08,    and    n = 1),    this present value is 

   
1500

1 + .08
=

1500

1.08
= 1500(1.08-1) ≈ $1388.89.   

 This amount will grow to $1500 in one year. 
 For the second $1500 payment (due in two years), we need the present value of 

$1500 at 8% interest, compounded annually for two years. The present-value formula 
for compound interest (with    A = 1500, i = .08,    and    n = 2)    shows that this present 
value is 

   
1500

(1 + .08)2 =
1500

1.082 = 1500(1.08-2) ≈ $1286.01.   

 Less money is needed for the second payment because it will grow over two years instead 
of one. 

 A similar calculation shows that the third payment (due in three years) has present 
value    $1500(1.08-3).    Continue in this manner to fi nd the present value of each of the 
remaining payments, as summarized in  Figure   5.13   .  

1 2 3 4 5 6

$1500 $1500 $1500 $1500 $1500 $1500

 Year

Payment

$1500(1.08�1)

$1500(1.08�2)

$1500(1.08�3)

$1500(1.08�4)

$1500(1.08�5)

$1500(1.08�6)

The sum of these is
the present value.

 Figure 5.13       

 The left-hand column of  Figure   5.13    shows that the present value is 

   1500 # 1.08-1 + 1500 # 1.08-2 + 1500 # 1.08-3 + 1500 # 1.08-4

+ 1500 # 1.08-5 + 1500 # 1.08-6

 = 1500(1.08-1 + 1.08-2 + 1.08-3 + 1.08-4 + 1.08-5 + 1.08-6).  (1)    

 Now apply the algebraic fact in the box on page  252  to the expression in parentheses (with 
   x = 1.08    and    n = 6).    It shows that the sum (the present value of the annuity) is 

   1500 c 1 - 1.08-6

1.08 - 1
d = 1500 c 1 - 1.08-6

.08
d = $6934.32.   

 This amount will provide for all six payments and leave a zero balance at the end of six 
years (give or take a few cents due to rounding to the nearest penny at each step).   1�

        

  � Checkpoint 1 

 Show that $6934.32 will provide 
all the payments in  Example   1    as 
follows: 

   (a)   Find the balance at the end of 
the fi rst year after the interest 
has been added and the $1500 
payment subtracted.  

  (b)   Repeat part (a) to fi nd the 
balances at the ends of years 2 
through 6.   

  Example   1    is the model for fi nding a formula for the future value of any ordinary 
annuity. Suppose that a payment of  R  dollars is made at the end of each period for  n  
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254 CHAPTER  5 Mathematics of Finance

 periods, at interest rate  i  per period. Then the present value of this annuity can be found by 
using the procedure in  Example   1   , with these replacements: 

 1500  .08  1.08  6 
    T         T         T         T     
  R    i      1 + i      n  

 The future value in  Example   1    is the sum in equation  (1) , which now becomes 

   P = R[(1 + i)-1 + (1 + i)-2 + (1 + i)-3 + . . . . + (1 + i)-n].   

 Apply the algebraic fact in the box on page  252  to the expression in brackets (with 
   x = 1 + i).    Then we have 

   P = R c 1 - (1 + i)-n

(1 + i) - 1
d = R c 1 - (1 + i)-n

i
d .   

 The quantity in brackets in the right-hand part of the preceding equation is sometimes writ-
ten    an i    (read “a-angle- n  at  i ”). So we can summarize as follows.   

  Present Value of an Ordinary Annuity 
 The present value  P  of an ordinary annuity is given by 

   P = R c 1 − (1 + i)−n

i
d ,  or  P = R # an i,   

  where 

   R  is the payment at the end of each period,  

   i  is the interest rate per period, and  

   n  is the number of periods.    

            CAUTION     Do not confuse the formula for the present value of an annuity with the one 

for the future value of an annuity. Notice the difference: The numerator of the fraction in the 

present-value formula is    1 - (1 + i)-n,    but in the future-value formula, it is     (1 + i )n - 1.    

 Jim Riles was in an auto accident. He sued the person at fault and 
was awarded a structured settlement in which an insurance company will pay him $600 at 
the end of each month for the next seven years. How much money should the insurance 
company invest now at 4.7%, compounded monthly, to guarantee that all the payments can 
be made? 

  Solution     The payments form an ordinary annuity. The amount needed to fund all the 
payments is the present value of the annuity. Apply the present-value formula with 
   R = 600, n = 7 # 12 = 84,    and    i = .047>12    (the interest rate per month). The insurance 
company should invest 

   P = R c 1 - (1 + i)-n

i
d = 600 c 1 - (1 + .047>12)-84

.047>12
d = $42,877.44.       2�

        

  Example 2 

  � Checkpoint 2 

 An insurance company offers to 
pay Jane Parks an ordinary annuity 
of $1200 per quarter for fi ve years 
 or  the present value of the annuity 
now. If the interest rate is 6%, fi nd 
the present value. 

 To supplement his pension in the early years of his retirement, 
Ralph Taylor plans to use $124,500 of his savings as an ordinary annuity that will make 
monthly payments to him for 20 years. If the interest rate is 5.2%, how much will each 
payment be? 

  Example 3 
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255 5.4 Annuities, Present Value, and Amortization 

 Corporate bonds, which were introduced in  Section   5.1   , are routinely bought and sold in 
fi nancial markets. In most cases, interest rates when a bond is sold differ from the interest 
rate paid by the bond (known as the  coupon rate ). In such cases, the price of a bond will not 
be its face value, but will instead be based on current interest rates. The next example shows 
how this is done. 

  � Checkpoint 3 

 Carl Dehne has $80,000 in an 
account paying 4.8% interest, 
compounded monthly. He plans to 
use up all the money by making 
equal monthly withdrawals for 15 
years. If the interest rate is 4.8%, 
fi nd the amount of each 
withdrawal. 

 Surinder Sinah and Maria Gonzalez are graduates of Kenyon 
College. They both agree to contribute to an endowment fund at the college. Sinah says 
he will give $500 at the end of each year for 9 years. Gonzalez prefers to give a single 
donation today. How much should she give to equal the value of Sinah’s gift, assuming 
that the endowment fund earns 7.5% interest, compounded annually? 

  Solution     Sinah’s gift is an ordinary annuity with annual payments of $500 for 9 years. 
Its  future  value at 7.5% annual compound interest is 

   S = R c (1 + i)n - 1

i
d = 500 c (1 + .075)9 - 1

.075
d = 500 c 1.0759 - 1

.075
d = $6114.92.   

 We claim that for Gonzalez to equal this contribution, she should today contribute an 
amount equal to the  present  value of this annuity, namely, 

   P = R c1 - (1 + i)-n

i
d = 500 c1 - (1 + .075)-9

.075
d = 500 c1 - 1.075-9

.075
d = $3189.44.   

 To confi rm this claim, suppose the present value    P = $3189.44    is deposited today at 7.5% 
interest, compounded annually for 9 years. According to the compound interest formula 
on page  233 ,  P  will grow to 

   3189.44(1 + .075)9 = $6114.92,   

 the future value of Sinah’s annuity. So at the end of 9 years, Gonzalez and Sinah will have 
made identical gifts.   

  Example 4 

  � Checkpoint 4 

 What lump sum deposited today 
would be equivalent to equal 
payments of 

   (a)   $650 at the end of each year 
for 9 years at 4% compounded 
annually?  

  (b)   $1000 at the end of each 
quarter for 4 years at 4% 
compounded quarterly?    A 15-year $10,000 bond with a 5% coupon rate was issued fi ve 

years ago and is now being sold. If the current interest rate for similar bonds is 7%, what 
price should a purchaser be willing to pay for this bond? 

  Example 5 

  Example   4    illustrates the following alternative description of the present value of an 
“accumulation annuity.”     

  The present value of an annuity for accumulating funds is the single deposit that 
would have to be made today to produce the future value of the annuity (assuming 
the same interest rate and period of time.)   4�

     

  Solution     The present value of the annuity is    P = $124,500,    the monthly interest rate is 
   i = .052>12,    and    n = 12 # 20 = 240    (the number of months in 20 years). Solve the pre-
sent-value formula for the monthly payment  R : 

    P = R c 1 - (1 + i)-n

i
d

 124,500 = R c 1 - (1 + .052>12)-240

.052>12
d

 R =
124,500

c 1 - (1 + .052>12)-240

.052>12
d
= $835.46.   

 Taylor will receive $835.46 a month (about $10,026 per year) for 20 years.   3�
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256 CHAPTER  5 Mathematics of Finance

  Loans and Amortization 

 If you take out a car loan or a home mortgage, you repay it by making regular payments to 
the bank. From the bank’s point of view, your payments are an annuity that is paying it a 
fi xed amount each month. The present value of this annuity is the amount you borrowed. 

  Solution     According to the simple interest formula (page  226 ), the interest paid by the 
bond each half-year is 

   I = Prt = 10,000 # .05 # 1

2
= $250.   

 Think of the bond as a two-part investment: The fi rst is an annuity that pays $250 every 
six months for the next 10 years; the second is the $10,000 face value of the bond, which 
will be paid when the bond matures, 10 years from now. The purchaser should be willing 
to pay the present value of each part of the investment, assuming 7% interest, compounded 
semiannually.  *   The interest rate per period is    i = .07>2,    and the number of six-month 
periods in 10 years is    n = 20.    So we have:    

 Present value of annuity  Present value of $10,000 in 10 years 

     P = R c 1 - (1 + i)-n

i
d     

     = 250 c 1 - (1 + .07>2)-20

.07>2 d     
     = $3553.10     

     P = A(1 + i)-n     

     = 10,000(1 + .07>2)-20    

     = $5025.66.     

 So the purchaser should be willing to pay the sum of these two present values: 

   $3553.10 + $5025.66 = $8578.76.       5�
           

 *  The analysis here does not include any commissions or fees charged by the fi nancial institution that handles the bond sale. 

  � Checkpoint 5 

 Suppose the current interest rate 
for bonds is 4% instead of 7% 
when the bond in  Example   5    is 
sold. What price should a 
purchaser be willing to pay for it? 

       NOTE      Example   5    and Checkpoint 5 illustrate the inverse relation between interest rates and 

bond prices: If interest rates rise, bond prices fall, and if interest rates fall, bond prices rise.    

 Finance Chase Bank in April 2013 advertised a new car auto 
loan rate of 2.23% for a 48-month loan. Shelley Fasulko will buy a new car for $25,000 with 
a down payment of $4500. Find the amount of each payment. (Data from:  www.chase.com .) 

  Solution     After a $4500 down payment, the loan amount is $20,500. Use the present-
value formula for an annuity, with    P = 20,500, n = 48, and i = .0223>12    (the monthly 
interest rate). Then solve for payment  R . 

    P = R c 1 - (1 + i)-n

i
d    

    20,500 = R c 1 - (1 + .0223>12)-48

.0223>12
d    

    R =
20,500

c 1 - (1 + .0223>12)-48

.0223>12
d

      Solve for  R .  

    R = $446.81       6�
        

  Example 6 

  � Checkpoint 6 

 Suzanne Bellini uses a Chase auto 
loan to purchase a used car priced 
at $28,750 at an interest rate of 
3.64% for a 60-month loan. What 
is the monthly payment? 

 A loan is  amortized  if both the principal and interest are paid by a sequence of equal 
periodic payments. The periodic payment needed to amortize a loan may be found, as in 
 Example   6   , by solving the present-value formula for  R .   
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257 5.4 Annuities, Present Value, and Amortization 

  Amortization Payments 
 A loan of  P  dollars at interest rate  i  per period may be amortized in  n  equal periodic 
payments of  R  dollars made at the end of each period, where 

   R =
P

c 1 − (1 + i)−n

i
d
=

Pi
1 − (1 + i)−n.    

 Finance In April 2013, the average rate for a 30-year fixed 
mortgage was 3.43%. Assume a down payment of 20% on a home purchase of $272,900. 
(Data from: Freddie Mac.) 

   (a)   Find the monthly payment needed to amortize this loan. 

  Solution     The down payment is    .20(272,900) = $54,580.    Thus, the loan amount  P  is 
   $272,900 - 54,580 = $218,320.    We can now apply the formula in the preceding box, 
with    n = 12(30) = 360    (the number of monthly payments in 30 years), and monthly 
interest rate    i = .0343>12.     *      

   R =
Pi

1 - (1 + i)-n =
(218,320)(.0343>12)

1 - (1 + .0343>12)-360 = $971.84   

 Monthly payments of $971.84 are required to amortize the loan.   

  (b)   After 10 years, approximately how much is owed on the mortgage? 

  Solution     You may be tempted to say that after 10 years of payments on a 30-year mort-
gage, the balance will be reduced by a third. However, a signifi cant portion of each pay-
ment goes to pay interest. So, much less than a third of the mortgage is paid off in the fi rst 
10 years, as we now see. 

 After 10 years (120 payments), the 240 remaining payments can be thought of as 
an annuity. The present value for this annuity is the (approximate) remaining balance on 
the mortgage. Hence, we use the present-value formula with    R = 971.84, i = .0343>12, 
and n = 240:    

   P = 971.84 c 1 - (1 + .0343>12)-240

(.0343>12)
d = $168,614.16.   

 So the remaining balance is about $168,614.16. The actual balance probably differs 
slightly from this fi gure because payments and interest amounts are rounded to the near-
est penny.    7�

                  

  Example 7 

 *  Mortgage rates are quoted in terms of annual interest, but it is always understood that the monthly rate is    112    of the annual interest 
rate and that interest is compounded monthly. 

  � Checkpoint 7 

 Find the remaining balance after 
20 years. 

  TECHNOLOGY TIP     A TVM solver on a graphing calculator can fi nd the present value 

of an annuity or the payment on a loan: Fill in the known information, put the cursor next to the 

unknown item (PV or PMT), and press SOLVE.  Figure   5.14    shows the solution to  Example   7   (a) 

on a TVM solver. Alternatively, you can use the program in the Program Appendix.   

 Figure 5.14       
  Example   7   (b) illustrates an important fact: Even though equal  payments  are made to 

amortize a loan, the loan  balance  does not decrease in equal steps. The method used to 
estimate the remaining balance in  Example   7   (b) works in the general case. If  n  payments 
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258 CHAPTER  5 Mathematics of Finance

are needed to amortize a loan and  x  payments have been made, then the remaining pay-
ments form an annuity of    n - x    payments. So we apply the present-value formula with 
   n - x    in place of  n  to obtain this result.   

  Remaining Balance 
 If a loan can be amortized by  n  payments of  R  dollars each at an interest rate  i  per 
period, then the  approximate  remaining balance  B  after  x  payments is 

   B = R c 1 - (1 + i)-(n-x)

i
d .     

  Amortization Schedules 

 The remaining-balance formula is a quick and convenient way to get a reasonable estimate 
of the remaining balance on a loan, but it is not accurate enough for a bank or business, 
which must keep its books exactly. To determine the exact remaining balance after each 
loan payment, fi nancial institutions normally use an  amortization schedule,  which lists 
how much of each payment is interest, how much goes to reduce the balance, and how 
much is still owed after each payment. 

 Beth Hill borrows $1000 for one year at 12% annual interest, 
compounded monthly. 

   (a)   Find her monthly payment. 

  Solution     Apply the amortization payment formula with    P = 1000, n = 12,    and 
monthly interest rate    i = .12>12 = .01.    Her payment is 

   R =
Pi

1 - (1 + i)-n =
1000(.01)

1 - (1 + .01)-12 = $88.85.     

  (b)   After making fi ve payments, Hill decides to pay off the remaining balance. Approxi-
mately how much must she pay? 

  Solution     Apply the remaining-balance formula just given, with    R = 88.85, i = .01,    
and    n - x = 12 - 5 = 7.    Her approximate remaining balance is 

   B = R c 1 - (1 + i)-(n - x)

i
d = 88.85 c 1 - (1 + .01)-7

.01
d = $597.80.     

  (c)   Construct an amortization schedule for Hill’s loan. 

  Solution     An amortization schedule for the loan is shown in the table on the next page. 
It was obtained as follows: The annual interest rate is 12% compounded monthly, so the 
interest rate per month is    12%>12 = 1% = .01.    When the fi rst payment is made, one 
month’s interest, namely,    .01(1000) = $10,    is owed. Subtracting this from the $88.85 
payment leaves $78.85 to be applied to repayment. Hence, the principal at the end of the 
fi rst payment period is    1000 - 78.85 = $921.15,    as shown in the “payment 1” line of 
the table. 

 When payment 2 is made, one month’s interest on the new balance of $921.15 is 
owed, namely,    .01(921.15) = $9.21.    Continue as in the preceding paragraph to compute 
the entries in this line of the table. The remaining lines of the table are found in a similar 
fashion. 

  Example 8 
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  Annuities Due 

 We want to fi nd the present value of an annuity due in which 6 payments of  R  dollars are 
made at the  beginning  of each period, with interest rate  i  per period, as shown schemati-
cally in  Figure   5.16   . 

 

1 2 3 4 5 6

RRRRRR

 Figure 5.16        

 Payment 
Number 

 Amount of 
Payment 

 Interest 
for Period 

 Portion to 
Principal 

 Principal at 
End of Period 

 0  —  —  —  $1000.00 

 1  $88.85  $10.00  $78.85  921.15 

 2  88.85  9.21  79.64  841.51 

 3  88.85  8.42  80.43  761.08 

 4  88.85  7.61  81.24  679.84 

 5  88.85  6.80  82.05  597.79 

 6  88.85  5.98  82.87  514.92 

 7  88.85  5.15  83.70  431.22 

 8  88.85  4.31  84.54  346.68 

 9  88.85  3.47  85.38  261.30 

 10  88.85  2.61  86.24  175.06 

 11  88.85  1.75  87.10  87.96 

 12  88.84  .88  87.96  0 

 Note that Hill’s remaining balance after fi ve payments differs slightly from the estimate 
made in part (b).     

 The fi nal payment in the amortization schedule in  Example   8   (c) differs from the other 
payments. It often happens that the last payment needed to amortize a loan must be adjusted 
to account for rounding earlier and to ensure that the fi nal balance will be exactly 0.         

  TECHNOLOGY TIP     Most Casio graphing calculators can produce amortization 

schedules. For other calculators, use the amortization table program in the Program 

 Appendix. Spreadsheets are another useful tool for creating amortization tables. Microsoft 

Excel (Microsoft Corporation Excel © 2013) has a built-in feature for calculating monthly 

 payments.  Figure   5.15    shows an Excel amortization table for  Example   8   . For more details, 

see the  Spreadsheet Manual , also available with this text.    

 Figure 5.15       
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260 CHAPTER  5 Mathematics of Finance

 The present value is the amount needed to fund all 6 payments. Since the fi rst payment 
earns no interest,  R  dollars are needed to fund it. Now look at the last 5 payments by them-
selves in  Figure   5.17   . 

 Finance The Illinois Lottery Winner’s Handbook discusses the 
options of how to receive the winnings for a $12 million Lotto jackpot. One option is to 
take 26 annual payments of approximately $461,538.46, which is $12 million divided into 
26 equal payments. The other option is to take a lump-sum payment (which is often called 
the “cash value”). If the Illinois lottery commission can earn 4.88% annual interest, how 
much is the cash value? 

  Solution     The yearly payments form a 26-payment annuity due. An equivalent amount 
now is the present value of this annuity. Apply the present-value formula with 
   R = 461,538.46, i = .0488,    and    n = 26:    

    P = R + R c 1 - (1 + i)-(n-1)

i
d = 461,538.46 + 461,538.46 c 1 - (1 + .0488)-25

.0488
d

 = $7,045,397.39.    

 The cash value is $7,045,397.39. 8�               

  Example 9 

  � Checkpoint 8 

 What is the cash value for a Lotto 
jackpot of $25 million if the 
Illinois Lottery can earn 6.2% 
annual interest? 

  TECHNOLOGY TIP      Figure   5.18    shows the solution of  Example   9    on a TVM solver. Since 

this is an annuity due, the PMT: setting at the bottom of the screen is “BEGIN”.    Figure 5.18       

  Present Value of an Annuity Due 
 The present value  P  of an annuity due is given by 

   P = R + R c 1 - (1 + i)-(n-1)

i
d ,   

   P = One
payment +  

Present value of
an ordinary annuity
of n - 1 payments

   

  where 

   R  is the payment at the beginning of each period,  

   i  is the interest rate per period, and  

   n  is the number of periods.    

 

1 2 3 4 5 6

RRRRR

 Figure 5.17        

 If you think of these 5 payments as being made at the end of each period, you see that they 
form an ordinary annuity. The money needed to fund them is the present value of this ordi-
nary annuity. So the present value of the annuity due is given by 

    R + Present value of the ordinary
annuity of 5 payments

 R + R c 1 - (1 + i)-5

i
d .    

 Replacing 6 by  n  and 5 by    n - 1,    and using the argument just given, produces the general 
result that follows.   
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261 5.4 Annuities, Present Value, and Amortization 

   5.4  Exercises 

 Unless noted otherwise, all payments and withdrawals are made at 

the end of the period. 

   1.    Explain the difference between the present value of an annuity 
and the future value of an annuity.      

 Find the present value of each ordinary annuity. (See  Examples 

  1   ,    2   , and    4   .)   

   2.    Payments of $890 each year for 16 years at 6% compounded 
annually        

   3.    Payments of $1400 each year for 8 years at 6% compounded 
annually        

   4.    Payments of $10,000 semiannually for 15 years at 7.5% com-
pounded semiannually        

   5.    Payments of $50,000 quarterly for 10 years at 5% compounded 
quarterly        

   6.    Payments of $15,806 quarterly for 3 years at 6.8% compounded 
quarterly      

 Find the amount necessary to fund the given withdrawals. (See 

 Examples   1    and    2   .)   

   7.    Quarterly withdrawals of $650 for 5 years; interest rate is 4.9%, 
compounded quarterly.        

   8.    Yearly withdrawals of $1200 for 14 years; interest rate is 5.6%, 
compounded annually.        

   9.    Monthly withdrawals of $425 for 10 years; interest rate is 6.1%, 
compounded monthly.        

   10.    Semiannual withdrawals of $3500 for 7 years; interest rate is 
5.2%, compounded semiannually.      

 Find the payment made by the ordinary annuity with the given 

present value. (See  Example   3   .)   

   11.    $90,000; monthly payments for 22 years; interest rate is 4.9%, 
compounded monthly.        

   12.    $45,000; monthly payments for 11 years; interest rate is 5.3%, 
compounded monthly.        

   13.    $275,000; quarterly payments for 18 years; interest rate is 6%, 
compounded quarterly.        

   14.    $330,000; quarterly payments for 30 years; interest rate is 6.1% 
compounded quarterly.      

 Find the lump sum deposited today that will yield the same 

total amount as payments of $10,000 at the end of each year 

for 15 years at each of the given interest rates. (See  Example   4    

and the box following it.)   

   15.    3% compounded annually        

   16.    4% compounded annually        

   17.    6% compounded annually        

   18.    What sum deposited today at 5% compounded annually for 8 years 
will provide the same amount as $1000 deposited at the end of 
each year for 8 years at 6% compounded annually?        

   19.    What lump sum deposited today at 8% compounded quarterly 
for 10 years will yield the same fi nal amount as deposits of 
$4000 at the end of each 6-month period for 10 years at 6% 
compounded semiannually?      

 Find the price a purchaser should be willing to pay for the given 

bond. Assume that the coupon interest is paid twice a year. (See 

 Example   5   .)   

   20.    $20,000 bond with coupon rate 4.5% that matures in 8 years; 
current interest rate is 5.9%.        

   21.    $15,000 bond with coupon rate 6% that matures in 4 years; cur-
rent interest rate is 5%.        

   22.    $25,000 bond with coupon rate 7% that matures in 10 years; 
current interest rate is 6%.        

   23.    $10,000 bond with coupon rate 5.4% that matures in 12 years; 
current interest rate is 6.5%.        

   24.    What does it mean to amortize a loan?      

 Find the payment necessary to amortize each of the given loans. 

(See  Examples   6   ,    7   (a), and    8   (a).)   

   25.    $2500; 8% compounded quarterly; 6 quarterly payments        

   26.    $41,000; 9% compounded semiannually; 10 semiannual 
 payments        

   27.    $90,000; 7% compounded annually; 12 annual payments  
       
   28.    $140,000; 12% compounded quarterly; 15 quarterly payments 

   29.    $7400; 8.2% compounded semiannually; 18 semiannual 
 payments        

   30.    $5500; 9.5% compounded monthly; 24 monthly payments  

 Finance In April 2013, the mortgage interest rates listed in Ex-

ercises 31–34 for the given companies were listed at  www.hsh.com . 

Find the monthly payment necessary to amortize the given loans. 

(See   Example   7   (a).)   

   31.    $225,000 at 3.25% for 30 years from Amerisave        

   32.    $330,000 at 3.125% for 20 years from Quicken Loans        

   33.    $140,000 at 2.375% for 15 years from Discover Home Loans 

   34.    $180,000 at 2.25% for 10 years from Roundpoint Mortgage 
Company      

 Finance Find the monthly payment and estimate the remaining 

balance (to the nearest dollar). Assume interest is on the unpaid 

balance. The interest rates are from national averages from  www.

bankrate.com  in April 2013. (See  Examples   7    and    8   .)   

   35.    Four-year new car loan for $26,799 at 3.13%; remaining bal-
ance after 2 years        

   36.    Three-year used car loan for $15,875 at 2.96%; remaining bal-
ance after 1 year        

   37.    Thirty-year mortgage for $210,000 at 3.54%; remaining bal-
ance after 12 years        
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262 CHAPTER  5 Mathematics of Finance

   38.    Fifteen-year mortgage for $195,000 at 2.78%; remaining bal-
ance after 4.5 years      

 Use the amortization table in  Example   8   (c) to answer the ques-

tions in Exercises 39–42.   

   39.    How much of the 5th payment is interest?        

   40.    How much of the 10th payment is used to reduce the debt?        

   41.    How much interest is paid in the fi rst 5 months of the loan?        

   42.    How much interest is paid in the last 5 months of the loan?      

 Find the cash value of the lottery jackpot (to the nearest dollar). 

Yearly jackpot payments begin immediately (26 for Mega Millions 

and 30 for Powerball). Assume the lottery can invest at the given 

interest rate. (See  Example   9   .)   

   43.    Powerball: $57.6 million; 5.1% interest        

   44.    Powerball: $207 million; 5.78% interest        

   45.    Mega Millions: $41.6 million; 4.735% interest        

   46.    Mega Millions: $23.4 million; 4.23% interest      

  Finance  Work the following applied problems.   

   47.    An auto stereo dealer sells a stereo system for $600 down and 
monthly payments of $30 for the next 3 years. If the interest 
rate is 1.25% per month on the unpaid balance, fi nd 

   (a)   the cost of the stereo system;       

  (b)   the total amount of interest paid.          

   48.    John Kushida buys a used car costing $6000. He agrees to make 
payments at the end of each monthly period for 4 years. He 
pays 12% interest, compounded monthly. 

   (a)   What is the amount of each payment?       

  (b)   Find the total amount of interest Kushida will pay.          

          

   49.    A speculator agrees to pay $15,000 for a parcel of land; this 
amount, with interest, will be paid over 4 years with semiannual 
payments at an interest rate of 10% compounded semiannually. 
Find the amount of each payment.        

   50.    Alan Stasa buys a new car costing $26,750. What is the monthly 
payment if the interest rate is 4.2%, compounded monthly, and 
the loan is for 60 months? Find the total amount of interest Alan 
will pay.      

  Finance  A student education loan has two repayment options. 

The standard plan repays the loan in 10 years with equal monthly 

payments. The extended plan allows from 12 to 30 years to re-

pay the loan. A student borrows $35,000 at 7.43% compounded 

monthly.   

   51.    Find the monthly payment and total interest paid under the 
standard plan.        

   52.    Find the monthly payment and total interest paid under the 
extended plan with 20 years to pay off the loan.      

  Finance  Use the formula for the approximate remaining bal-

ance to work each problem. (See  Examples   7   (b) and    8   (b).)   

   53.    When Teresa Flores opened her law office, she bought 
$14,000 worth of law books and $7200 worth of offi ce furni-
ture. She paid $1200 down and agreed to amortize the  balance 
with semiannual payments for 5 years at 12% compounded 
semiannually. 

   (a)   Find the amount of each payment.       

  (b)   When her loan had been reduced below $5000, Flores re-
ceived a large tax refund and decided to pay off the loan. 
How many payments were left at this time?          

   54.    Kareem Adams buys a house for $285,000. He pays $60,000 
down and takes out a mortgage at 6.9% on the balance. Find his 
monthly payment and the total amount of interest he will pay if 
the length of the mortgage is 

   (a)   15 years;       

  (b)   20 years;       

  (c)   25 years.       

  (d)   When will half the 20-year loan be paid off? 
         

   55.    Susan Carver will purchase a home for $257,000. She will use a 
down payment of 20% and fi nance the remaining portion at 
3.9%, compounded monthly for 30 years. 

   (a)   What will be the monthly payment?       

  (b)   How much will remain on the loan after making payments 
for 5 years?       

  (c)   How much interest will be paid on the total amount of the 
loan over the course of 30 years?          

   56.    Mohsen Manouchehri will purchase a $230,000 home with a 
20-year mortgage. If he makes a down payment of 20% and the 
interest rate is 3.3%, compounded monthly, 

   (a)   what will the monthly payment be?       

  (b)   how much will he owe after making payments for 
8 years?       

  (c)   how much in total interest will he pay over the course of 
the 20-year loan?        

 Work each problem.   

   57.    Elizabeth Bernardi and her employer contribute $400 at the end 
of each month to her retirement account, which earns 7% inter-
est, compounded monthly. When she retires after 45 years, she 
plans to make monthly withdrawals for 30 years. If her account 
earns 5% interest, compounded monthly, then when she retires, 
what is her maximum possible monthly withdrawal (without 
running out of money)?        
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263CHAPTER  5 Summary and Review

 58.    Jim Milliken won a $15,000 prize. On March 1, he deposited it 
in an account earning 5.2% interest, compounded monthly. On 
March 1 one year later, he begins to withdraw the same amount 
at the beginning of each month for a year. Assuming that he 
uses up all the money in the account, fi nd the amount of each 
monthly withdrawal.        

59.    Catherine Dohanyos plans to retire in 20 years. She will make 
20 years of monthly contributions to her retirement account. 
One month after her last contribution, she will begin the fi rst of 
10 years of withdrawals. She wants to withdraw $2500 per 
month. How large must her monthly contributions be in order to 
accomplish her goal if the account earns interest of 7.1% com-
pounded monthly for the duration of her contributions and the 
120 months of withdrawals?        

60.    David Turner plans to retire in 25 years. He will make 25 years 
of monthly contributions to his retirement account. One month 
after his last contribution, he will begin the fi rst of 10 years of 
withdrawals. He wants to withdraw $3000 per month. How 
large must his monthly contributions be in order to accomplish 
his goal if the account earns interest of 6.8% compounded 
monthly for the duration of his contributions and the 120 months 
of withdrawals?        

61.    William Blake plans to retire in 20 years. William will make 
10 years (120 months) of equal monthly payments into his 
account. Ten years after his last contribution, he will begin the fi rst 
of 120 monthly withdrawals of $3400 per month. Assume that the 
retirement account earns interest of 8.2% compounded monthly 
for the duration of his contributions, the 10 years in between 
his contributions and the beginning of his withdrawals, and the 
10 years of withdrawals. How large must William’s monthly 
contributions be in order to accomplish his goal?        

   62.    Gil Stevens plans to retire in 25 years. He will make 15 years 
(180 months) of equal monthly payments into his account. 
Ten years after his last contribution, he will begin the fi rst of 
120 monthly withdrawals of $2900 per month. Assume that the 
retirement account earns interest of 5.4% compounded monthly 
for the duration of his contributions, the 10 years in between his 

contributions and the beginning of his withdrawals, and the 10 
years of withdrawals. How large must Gil’s monthly contribu-
tions be in order to accomplish his goal?      

Finance  In Exercises 63–66, prepare an amortization schedule 

showing the first four payments for each loan. (See  Example   8   (c).) 

 63.    An insurance fi rm pays $4000 for a new printer for its com-
puter. It amortizes the loan for the printer in 4 annual payments 
at 8% compounded annually.    

 64.    Large semitrailer trucks cost $72,000 each. Ace Trucking buys 
such a truck and agrees to pay for it by a loan that will be 
 amortized with 9 semiannual payments at 6% compounded 
semiannually.    

 65.    One retailer charges $1048 for a certain computer. A fi rm of tax 
accountants buys 8 of these computers. It makes a down pay-
ment of $1200 and agrees to amortize the balance with monthly 
payments at 12% compounded monthly for 4 years.    

   66.    Joan Varozza plans to borrow $20,000 to stock her small 
boutique. She will repay the loan with semiannual payments 
for 5 years at 7% compounded semiannually.     

  �Checkpoint Answers 

   1.     (a)   $5989.07  

    (b)   $4968.20; $3865.66; $2674.91; $1388.90; $0.01    

   2.   $20,602.37  

   3.   $624.33  

   4.     (a)   $4832.97     (b)   $14,717.87    

   5.   $10,817.57  

   6.   $524.82  

   7.   $98,605.61  

   8.   $13,023,058.46      
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  Interest Simple Interest Compound Interest 

 Interest I = Prt I = A - P 

 Future value A = P(1 + rt) A = P(1 + i)n 

 Present value P =
A

1 + rt
 P =

A

(1 + i)n = A(1 + i)-n 

   Effective rate (or APY) rE = a1 +
r

m
bm

- 1  

   Discount  If  D  is the  discount  on a T-bill with face value  P  at simple interest rate  r  for 
 t  years, then    D = Prt.     

   Continuous Interest  If  P  dollars are deposited for  t  years at interest rate r per year, compounded 
continuously, the  compound amount (future value)  is    A = Pert.    

  The  present value   P  of  A  dollars at interest rate  r  per year compounded 
continuously for  t  years is 

   P =
A

ert.   

   Chapter   5    Key Concepts 
    A Strategy for Solving  We have presented a lot of new formulas in this chapter. By answering the following questions, you 
Finance Problems  can decide which formula to use for a particular problem. 

    1.   Is simple or compound interest involved? 

   Simple interest is normally used for investments or loans of a year or less; compound interest is 
normally used in all other cases.  

   2.   If simple interest is being used, what is being sought—interest amount, future value, present 
value, or discount?  

   3.   If compound interest is being used, does it involve a lump sum (single payment) or an annuity 
(sequence of payments)? 

   (a)   For a lump sum, 

    (i)   is ordinary compound interest involved?  

   (ii)     what is being sought—present value, future value, number of periods, or effective 
rate (APY)?    

  (b)   For an annuity, 

    (i)   is it an ordinary annuity (payment at the end of each period) or an annuity due (pay-
ment at the beginning of each period)?  

   (ii)     what is being sought—present value, future value, or payment amount?       

 Once you have answered these questions, choose the appropriate formula and work the 
problem. As a fi nal step, consider whether the answer you get makes sense. For instance, the 
amount of interest or the payments in an annuity should be fairly small compared with the total 
future value.  

   Key Formulas  

  List of Variables     r  is the annual interest rate. 

  m  is the number of periods per year. 

  i  is the interest rate per period.    i =
r

m
    

  t  is the number of years. 

  n  is the number of periods.    n = tm    

  P  is the principal or present value. 

  A  is the future value of a lump sum. 

  S  is the future value of an annuity. 

  R  is the periodic payment in an annuity. 

  B  is the remaining balance on a loan. 
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 Find the simple interest for the following loans. 

   1.    $4902 at 6.5% for 11 months        

   2.    $42,368 at 9.22% for 5 months        

   3.    $3478 at 7.4% for 88 days        

   4.    $2390 at 8.7% from May 3 to July 28        

 Find the semiannual (simple) interest payment and the total 

interest earned over the life of the bond. 

   5.    $12,000 Merck Company 6-year bond at 4.75% annual interest 
      

   6.    $20,000 General Electric 9-year bond at 5.25% annual interest 
      

 Find the maturity value for each simple interest loan. 

   7.    $7750 at 6.8% for 4 months        

   8.    $15,600 at 8.2% for 9 months        

   9.    What is meant by the present value of an amount  A ?        

 Find the present value of the given future amounts; use simple 

interest. 

   10.    $459.57 in 7 months; money earns 5.5%        

   11.    $80,612 in 128 days; money earns 6.77%        

   12.    A 9-month $7000 Treasury bill sells at a discount rate of 3.5%. 
Find the amount of the discount and the price of the T-bill. 
      

   13.    A 6-month $10,000 T-bill sold at a 4% discount. Find the actual 
rate of interest paid by the Treasury.        

   14.    For a given amount of money at a given interest rate for a given 
period greater than 1 year, does simple interest or compound 
interest produce more interest? Explain.        

 Find the compound amount and the amount of interest earned in 

each of the given scenarios. 

   15.    $2800 at 6% compounded annually for 12 years 
      

   16.    $57,809.34 at 4% compounded quarterly for 6 years 
      

   17.    $12,903.45 at 6.37% compounded quarterly for 29 quarters 
      

   18.    $4677.23 at 4.57% compounded monthly for 32 months 
      

 Find the amount of compound interest earned by each deposit. 

   19.    $22,000 at 5.5%, compounded quarterly for 6 years        

   20.    $2975 at 4.7%, compounded monthly for 4 years        

 Find the face value (to the nearest dollar) of the zero-coupon bond. 

   21.    5-year bond at 3.9%; price $12,366        

   22.    15-year bond at 5.2%; price $11,575        

 Find the APY corresponding to the given nominal rate. 

   23.    5% compounded semiannually        

   24.    6.5% compounded daily        

 Find the present value of the given amounts at the given interest rate. 

   25.    $42,000 in 7 years; 12% compounded monthly        

   26.    $17,650 in 4 years; 8% compounded quarterly        

   27.    $1347.89 in 3.5 years; 6.2% compounded semiannually 
      

   28.    $2388.90 in 44 months; 5.75% compounded monthly        

 Find the price that a purchaser should be willing to pay for these 

zero-coupon bonds. 

   29.    10-year $15,000 bond; interest at 4.4%        

   30.    25-year $30,000 bond; interest at 6.2%        

   31.    What is meant by the future value of an annuity?        

 Find the future value of each annuity. 

   32.    $1288 deposited at the end of each year for 14 years; money 
earns 7% compounded annually        

   33.    $4000 deposited at the end of each quarter for 8 years; money 
earns 6% compounded quarterly        

   34.    $233 deposited at the end of each month for 4 years; money 
earns 6% compounded monthly        

   35.    $672 deposited at the beginning of each quarter for 7 years; 
money earns 5% compounded quarterly        

   36.    $11,900 deposited at the beginning of each month for 13 
months; money earns 7% compounded monthly        

   37.    What is the purpose of a sinking fund?        

 Find the amount of each payment that must be made into a 

sinking fund to accumulate the given amounts. Assume payments 

are made at the end of each period. 

   38.    $6500; money earns 5% compounded annually; 6 annual payments 
      

   39.    $57,000; money earns 6% compounded semiannually for    81
2    years 

      

  Annuities  

  Ordinary annuity Future value  S = R c (1 + i)n - 1

i
d = R # sn i 

   Present value  P = R c 1 - (1 + i)-n

i
d = R # an i 

  Annuity due Future value  S = R c (1 + i)n+1 - 1

i
d - R 

   Present value  P = R + R c 1 - (1 + i)-(n -1)

i
d      

   Chapter   5    Review Exercises 
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   40.    $233,188; money earns 5.7% compounded quarterly for    73
4    

years        

   41.    $56,788; money earns 6.12% compounded monthly for    41
2    

years        

 Find the present value of each ordinary annuity. 

   42.    Payments of $850 annually for 4 years at 5% compounded 
annually        

   43.    Payments of $1500 quarterly for 7 years at 8% compounded 
quarterly        

   44.    Payments of $4210 semiannually for 8 years at 5.6% com-
pounded semiannually        

   45.    Payments of $877.34 monthly for 17 months at 6.4% com-
pounded monthly        

 Find the amount necessary to fund the given withdrawals (which 

are made at the end of each period). 

   46.    Quarterly withdrawals of $800 for 4 years with interest rate 
4.6%, compounded quarterly        

   47.    Monthly withdrawals of $1500 for 10 years with interest rate 
5.8%, compounded monthly        

   48.    Yearly withdrawals of $3000 for 15 years with interest rate 
6.2%, compounded annually        

 Find the payment for the ordinary annuity with the given present 

value. 

   49.    $150,000; monthly payments for 15 years, with interest rate 
5.1%, compounded monthly        

   50.    $25,000; quarterly payments for 8 years, with interest rate 
4.9%, compounded quarterly        

   51.    Find the lump-sum deposit today that will produce the same total 
amount as payments of $4200 at the end of each year for 12 years. 
The interest rate in both cases is 4.5%, compounded annually. 
      

   52.    If the current interest rate is 6.5%, fi nd the price (to the nearest 
dollar) that a purchaser should be willing to pay for a $24,000 
bond with coupon rate 5% that matures in 6 years.        

 Find the amount of the payment necessary to amortize each of the 

given loans. 

   53.    $32,000 at 8.4% compounded quarterly; 10 quarterly payments 
      

   54.    $5607 at 7.6% compounded monthly; 32 monthly payments 
      

 Find the monthly house payments for the given mortgages. 

   55.    $95,000 at 3.67% for 30 years        

   56.    $167,000 at 2.91% for 15 years        

   57.    Find the approximate remaining balance after 5 years of pay-
ments on the loan in Exercise 55.        

   58.    Find the approximate remaining balance after 7.5 years of pay-
ments on the loan in Exercise 56.        

 Finance According to  www.studentaid.ed.gov , in 2013 the 

interest rate for a direct unsubsidized student loan was 6.8%. A 

portion of an amortization table is given here for a $15,000 direct 

unsubsidized student loan compounded monthly to be paid back 

in 10 years. Use the table to answer Exercises 59–62. 

 
Payment
 Number 

 Amount
of

Payment 

 Interest
for

Period 

 Portion
to

Principal 

 Principal at
End of
Period 

 0        15,000.00 

 1  172.62  85.00  87.62  14,912.38 

 2  172.62  84.50  88.12  14,824.26 

 3  172.62  84.00  88.62  14,735.64 

 4  172.62  83.50  89.12  14,646.52 

 5  172.62  83.00  89.62  14,556.90 

 6  172.62  82.49  90.13  14,466.77 

 7  172.62  81.98  90.64  14,376.13 

 8  172.62  81.46  91.16  14,284.97 

   59.    How much of the seventh payment is interest?        

   60.    How much of the fourth payment is used to reduce the debt? 
      

   61.    How much interest is paid in the fi rst 6 months of the loan? 
      

   62.    How much has the debt been reduced at the end of the first 
8 months?        

  Finance  Work the following applied problems. 

   63.    In February 2013, a Virginia family won a Powerball lottery 
prize of $217,000,000. 

   (a)   If they had chosen to receive the money in 30 yearly pay-
ments, beginning immediately, what would have been the 
amount of each payment?       

  (b)   The family chose the one-time lump-sum cash option. If the 
interest rate is 3.58%, approximately how much did they 
receive?          

   64.    A fi rm of attorneys deposits $15,000 of profi t-sharing money in 
an account at 6% compounded semiannually for    71

2    years. Find 
the amount of interest earned.        

   65.    Tom, a graduate student, is considering investing $500 now, 
when he is 23, or waiting until he is 40 to invest $500. How much 
more money will he have at age 65 if he invests now, given that 
he can earn 5% interest compounded quarterly?        

   66.    According to a fi nancial Web site, on June 15, 2005, Frontenac 
Bank of Earth City, Missouri, paid 3.94% interest, compounded 
quarterly, on a 2-year CD, while E*TRADE Bank of Arlington, 
Virginia, paid 3.93% compounded daily. What was the effective 
rate for the two CDs, and which bank paid a higher effective 
rate? (Data from:  www.bankrate.com .) 
      

   67.    Chalon Bridges deposits semiannual payments of $3200, received 
in payment of a debt, in an ordinary annuity at 6.8% compounded 
semiannually. Find the fi nal amount in the account and the interest 
earned at the end of 3.5 years.        

   68.    Each year, a fi rm must set aside enough funds to provide 
employee retirement benefi ts of $52,000 in 20 years. If the 
fi rm can invest money at 7.5% compounded monthly, what 
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267CASE STUDY 5  Continuous Compounding

amount must be invested at the end of each month for this 
purpose?        

 69.    A benefactor wants to be able to leave a bequest to the college 
she attended. If she wants to make a donation of $2,000,000 in 
10 years, how much each month does she need to place in an 
investment account that pays an interest rate of 5.5%, com-
pounded monthly?        

 70.    Suppose you have built up a pension with $12,000 annual pay-
ments by working 10 years for a company when you leave to 
accept a better job. The company gives you the option of collect-
ing half the full pension when you reach age 55 or the full pension 
at age 65. Assume an interest rate of 8% compounded annually. 
By age 75, how much will each plan produce? Which plan would 
produce the larger amount?    

 71.    In 3 years, Ms. Nguyen must pay a pledge of $7500 to her 
favorite charity. What lump sum can she deposit today at 10% 
compounded semiannually so that she will have enough to pay 
the pledge?        

 72.    To fi nance the $15,000 cost of their kitchen remodeling, the 
Chews will make equal payments at the end of each month for 
36 months. They will pay interest at the rate of 7.2% com-
pounded monthly. Find the amount of each payment.        

   73.    To expand her business, the owner of a small restaurant borrows 
$40,000. She will repay the money in equal payments at the end 
of each semiannual period for 8 years at 9% interest compounded 
semiannually. What payments must she make?        

   74.    The Fix family bought a house for $210,000. They paid 
$42,000 down and took out a 30-year mortgage for the bal-
ance at 3.75%. 

   (a)   Find the monthly payment.       

  (b)   How much of the fi rst payment is interest?      

 After 15 years, the family sold their house for $255,000.  

  (c)   Estimate the current mortgage balance at the time of the sale. 
     

(d)   Find the amount of money they received from the sale after 
paying off the mortgage.          

 75.    Over a 20-year period, the class A shares of the Davis New York 
Venture mutual fund increased in value at the rate of 11.2%, 
compounded monthly. If you had invested $250 at the end of 
each month in this fund, what would have the value of your 
account been at the end of those 20 years?        

76.    Dan Hook deposits $400 a month to a retirement account that 
has an interest rate of 3.1%, compounded monthly. After mak-
ing 60 deposits, Dan changes his job and stops making pay-
ments for 3 years. After 3 years, he starts making deposits 
again, but now he deposits $525 per month. What will the value 
of the retirement account be after Dan makes his $525 monthly 
deposits for 5 years?        

77.    The proceeds of a $10,000 death benefi t are left on deposit with 
an insurance company for 7 years at an annual effective interest 
rate of 5%.* The balance at the end of 7 years is paid to the 
benefi ciary in 120 equal monthly payments of  X , with the fi rst 
payment made immediately. During the payout period, interest 
is credited at an annual effective interest rate of 3%. Which of 
the following is the correct value of  X ? 

   (a)   117     (b)   118     (c)   129     (d)   135     (e)   158   
  

78.    Eileen Gianiodis wants to retire on $75,000 per year for her life 
expectancy of 20 years after she retires. She estimates that she will 
be able to earn an interest rate of 10.1%, compounded annually, 
throughout her lifetime. To reach her retirement goal, Eileen will 
make annual contributions to her account for the next 30 years. 
One year after making her last deposit, she will receive her fi rst 
retirement check. How large must her yearly contributions be? 

     

 Informally, you can think of  continuous compounding  as a process in 
which interest is compounded  very  frequently (for instance, every 
nanosecond). You will occasionally see an ad for a certifi cate of deposit 
in which interest is compounded continuously. That’s pretty much a 
gimmick in most cases, because it produces only a few more cents than 
daily compounding. However, continuous compounding does play a 
serious role in certain fi nancial situations, notably in the pricing of 
derivatives.  *   So let’s see what is involved in continuous compounding.  

 As a general rule, the more often interest is compounded, 
the better off you are as an investor. (See  Example   4    of  Section 

  5.2   .) But there is, alas, a limit on the amount of interest, no mat-
ter how often it is compounded. To see why this is so, suppose 
you have $1 to invest. The Exponential Bank offers to pay 100% 
annual interest, compounded  n  times per year and rounded to the 
nearest penny. Furthermore, you may pick any value for  n  that 
you want. Can you choose  n  so large that your $1 will grow to $5 
in a year? We will test several values of  n  in the formula for the 
compound amount, with    P = 1.    In this case, the annual interest 
rate (in decimal form) is also 1. If there are  n  periods in the year, 
the interest rate per period is    i = 1>n.    So the amount that your 
dollar grows to is: 

   A = P(1 + i)n = 1a1 +
1
n
bn

.   

   Case Study 5  Continuous Compounding 

 *  Derivatives are complicated fi nancial instruments. But investors have learned the hard 
way that they can sometimes cause serious problems—as was the case in the recession 
that began in 2008, which was blamed in part on the misuse of derivatives. 

*The Proceeds of Death Benefi t Left on Deposit with an Insurance Company from 
Course 140 Examination, Mathematics of Compound Interest. Copyright © Society of 
Actuaries. Reproduced by permission of Society of Actuaries.
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268 CHAPTER  5 Mathematics of Finance

 Because interest is rounded to the nearest penny, the compound 
amount never exceeds $2.72, no matter how big  n  is. (A computer 
was used to develop the table, and the fi gures in it are accurate. If 
you try these computations with your calculator, however, your 
answers may not agree exactly with those in the table because of 
round-off error in the calculator.) 

 The preceding table suggests that as  n  takes larger and larger 

values, the corresponding values of    a1 +
1
n
bn

    get closer and closer 

to a specific real number whose decimal expansion begins 
2.71828   

g
.    This is indeed the case, as is shown in calculus, and 

the number 2.71828   
g

   is denoted  e . This fact is sometimes 
expressed by writing 

   lim
nS∞a1 +

1
n
bn

= e,   

 which is read “the limit of    a1 +
1
n
bn

    as  n  approaches infi nity is  e .” 

 The preceding example is typical of what happens when inter-
est is compounded  n  times per year, with larger and larger values of 
 n . It can be shown that no matter what interest rate or principal is 
used, there is always an upper limit (involving the number  e ) on the 
compound amount, which is called the compound amount from  con-
tinuous compounding .   

 A computer gives the following results for various values of  n : 

 Interest Is Compounded . . .   n      a1 +
1
n
bn

    

 Annually  1     a1 +
1

1
b1

= 2    

  Semiannually   2     a1 +
1

2
b2

= 2.25    

  Quarterly   4     a1 +
1

4
b4

≈ 2.4414    

  Monthly   12     a1 +
1

12
b12

≈ 2.6130    

  Daily   365     a1 +
1

365
b365

≈ 2.71457    

  Hourly   8760     a1 +
1

8760
b8760

≈ 2.718127    

  Every minute   525,600     a1 +
1

525,600
b525,600

≈ 2.7182792    

  Every second   31,536,000     a1 +
1

31,536,000
b31,536,000

≈ 2.7182818    

  Continuous Compounding 
 The compound amount  A  for a deposit of  P  dollars at an interest 
rate  r  per year compounded continuously for  t  years is given by 

   A = Pert.    

 Most calculators have an    ex    key for computing powers of  e . See the 
Technology Tip on page  188  for details on using a calculator to 
evaluate    ex.    

 Suppose $5000 is invested at an 
annual rate of 4% compounded continuously for 5 years. Find the 
compound amount. 

  Solution     In the formula for continuous compounding, let 
   P = 5000, r = .04,    and    t = 5.    Then a calculator with an    ex    key 
shows that 

   A = 5000e(.04)5 = 5000e.2 ≈ $6107.01.   

 You can readily verify that daily compounding would have produced 
a compound amount about    6¢    less.   

  Example 1 

  Exercises 
   1.    Find the compound amount when $20,000 is invested at 6% 

compounded continuously for 

   (a)   2 years; 
     

  (b)   10 years; 
     

  (c)   20 years. 
        

   2.      (a)    Find the compound amount when $2500 is invested at 
5.5%, compounded monthly for two years.       

  (b)   Do part (a) when the interest rate is 5.5% compounded 
continuously.          

   3.    Determine the compounded amount from a deposit of $25,000 
when it is invested at 5% for 10 years and compounded in the 
following time periods: 

   (a)   annually 
     

  (b)   quarterly 
     

  (c)   monthly 
     

  (d)   daily   (e)   continuously  
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269CASE STUDY 5  Continuous Compounding

   4.    Determine the compounded amount from a deposit of $250,000 
when it is invested at 5% for 10 years and compounded in the 
following time periods: 

   (a)   annually 
     

  (b)   quarterly 
     

  (c)   monthly 
     

  (d)   daily   (e)   continuously  
               

   5.    It can be shown that if interest is compounded continuously at 
nominal rate  r , then the effective rate    rE    is    er - 1.    Find the effec-
tive rate of continuously compounded interest if the nominal rate is 

   (a)   4.5%; 
     

  (b)   5.7%; 
     

  (c)   7.4%. 
        

   6.    Suppose you win a court case and the defendant has up to 8 years 
to pay you $5000 in damages. Assume that the defendant will 
wait until the last possible minute to pay you. 

   (a)   If you can get an interest rate of 3.75% compounded contin-
uously, what is the present value of the $5000? [ Hint:  Solve 
the continuous-compounding formula for  P .]       

  (b)   If the defendant offers you $4000 immediately to settle his 
debt, should you take the deal?           

  Extended Projects 
   1.    Investigate the interest rates for the subsidized and unsubsidized 

student loans. If you have taken out student loans or plan to take 
out student loans before graduating, calculate your own monthly 
payment and how much interest you will pay over the course of 
the repayment period. If you have not taken out, and you do not 
plan to take out a student loan, contact the fi nancial aid offi ce of 
your college and university to determine the median amount 
borrowed with student loans at your institution. Determine the 
monthly payment and how much interest is paid during repay-
ment for the typical borrowing student.        

   2.    Determine the best interest rate for a new car purchase for a 
48-month loan at a bank near you. If you fi nance $25,999 with 
such a loan, determine the payment and the total interest paid 
over the course of the loan. Also, determine the best interest rate 
for a new car purchase for a 48-month loan at a credit union near 
you. Determine the monthly payment and total interest paid if 
the same auto loan is fi nanced through the credit union. Is it true 
that the credit union would save you money?            
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